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Abstract

By connecting two drivetrains to a single load, a redundant degree of freedom is
created. In this work, we investigate how the redundancy of such a system can
be exploited in order to make it more energy e�cient. The system under study
consists of two drivetrains coupled to a planetary di�erential. Both drivetrains
are composed of a geared DC motor and a holding brake. First, we derive
an accurate semi-empirical model of this system and prove its validity on a
test setup. Based on this model, which includes nonlinear friction terms, we
analyze how the power �ows and energy losses depend on the redundant degree
of freedom. Furthermore, we discuss how the design of the actuator can be
optimized for energy e�ciency. This strategy is applied to a case study, where
a 250W geared DC motor is replaced by a more e�cient dual-motor actuator.
Experiments con�rm that a dual-motor actuator succeeds in reducing the energy
consumption at various loads and speeds. We also show that the results are very
sensitive to friction and other speed- and load-dependent losses.

Keywords: Actuators; energy e�ciency; redundant systems; over-actuated
systems; planetary di�erential; epicyclic gears

1. Introduction

In most applications, motors drive a load at a constant speed and a constant
torque, i.e. in steady-state conditions. In this case, the motor can be designed
to obtain the highest e�ciency for this speci�c working point. Typical tasks in
robotics, however, require the motors to operate at varying speeds and varying
loads. The e�ciency of the motor changes with speed and torque [1], and may
therefore be used very ine�ciently throughout the motion [2][3]. This situation
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can be improved by coupling a second motor to the load, resulting in an addi-
tional - redundant - degree of freedom. The actuator's redundancy can then be
exploited to distribute the power requirements among both motors, such that
they are used in a more energy-e�cient way overall. Such concepts, especially
when combined with energy bu�ers, have great potential in biomedical appli-
cations such as exoskeletons and prosthetics. Sugar and Holgate, for example,
suggested variable transmissions as a way of shaping a motor's speed-torque
curve to the biological ankle pro�le [4]. Combining variable transmissions with
a series spring [5][6] or a �ywheel [7] also holds great promise in terms of en-
ergy e�ciency. Aló et al. studied the possibility of using an In�nitely Variable
Transmission (IVT) with �ywheel in a knee actuator [8] and found that such a
concept could potentially reduce the actuator's energy requirement by 85% in
walking. Finally, Variable Impedance Actuators (VIAs) can also be classi�ed as
overactuated systems with energy bu�ers. They typically consist of two motors,
one of which is used to regulate the sti�ness or pretension of a spring. VIAs
have been studied extensively in recent years, and many concepts have been
proposed by various groups. For an extensive overview, we refer to the review
paper by Vanderborght et al. [9].

The simplest way of creating redundancy is arguably to couple multiple mo-
tors to the same driveshaft. This is essentially a parallel arrangement, where
the output torque is the sum of both motor-gearbox torques, creating static
redundancy. Statically redundant actuators are probably the simplest embodi-
ment of an over-actuated system, and have been investigated by several authors
[10][11][12][13][14]. Morrell et al. proposed to combine a small and a large mo-
tor, the former directly coupled to the load and the latter through a compliant
transmission [15]. Later, the concept was re�ned by also optimizing the location
of the actuators in a robotic arm, an approach called �Distributed Macro-Mini
actuation� [16]. The idea behind the control is that the large motor applies
of low-frequency torques, while the smaller motor corrects for high-frequency
disturbances. This approach has several advantages, including improved back-
drivability, better small-signal force control and position control bandwidth,
reduced forces during impacts, and improved dynamic range.

Another option is to couple motors to a di�erential. In this case, one obtains
a kinematically redundant actuator, where the output speed can be higher than
that of a single motor-gearbox. Di�erent types of di�erentials can be chosen to
couple the motors. In robotics, the most extensively studied concepts are based
on single-stage planetary di�erentials. The concept was �rst introduced by
Ontañon-Ruiz with the aim of reducing stiction [17]. Later, Kim et al. [18, 19],
proposed to use the second motor to control the impedance of the actuator. Lee
and Choi [20] explored the possibility of shaping the actuator's operating range
more favorably than that of a regular motor. And lastly, Girard et al. developed
control strategies that can be applied to these types of actuators [21, 22, 23].
One may, of course, devise more complex drivetrains to enhance the actuator's
capabilities. Babin et al. [24], for example, took the concept a step further by
not grounding both motors, but instead mounting one of them to a movable
component. Gao et al. suggested using a two-stage gearbox as a di�erential
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mechanism [25]. There are numerous possibilities, but actuators with a single-
stage planetary di�erential stand out because of their simplicity, making them
very suitable for fundamental research and the testing of control strategies.

So far, analyses in literature have been limited to linearized approximations
where friction is neglected. This work is the �rst to present a semi-empirical
model of a dual-motor actuator which includes (nonlinear) friction. Using the
model as a basis, we demonstrate the concept's potential in terms of energy
e�ciency, and assess how the required power should be distributed among the
motors in order to obtain the highest energy e�ciency. The main contributions
of this work are the model itself and the extensive analysis of how the design
and power distribution can be tuned in order to reduce minimize the actuator's
energy consumption. Furthermore, the accuracy and reliability of the model
is veri�ed in experiments, and the energy e�ciency of the design is validated
by comparing the proposed dual-motor actuator to an equivalent geared DC
motor. Our results show that friction and other load- and speed-dependent
losses, which were not considered in other works, have a strong in�uence on the
design and control of multi-motor actuators.

The paper is structured as follows. First, we derive the model of the actuator
(Section 2). We analyze its electrical power consumption and discuss how the
design can be optimized to obtain a high energy e�ciency (Section 3). Theoret-
ical conclusions are supported by a case study, where a 250W geared DC motor
is replaced by a more energy-e�cient dual-motor alternative (Section 4). This
case study is then validated by measurements on an actual test bench (Section
5), with special attention for the di�erences between theory and practice. Fi-
nally, the results are discussed in Section 6, and conclusions are presented in
Section 7.

2. Equations

2.1. Concept

A regular single-stage planetary gearbox consists of a sun gear, a ring gear,
planetary gears and a carrier. In order to achieve the highest gear ratio, the
sun is typically used as the input and the carrier as output, while the ring is
grounded. By using the ring as an additional input, however, the planetary
gearbox can be turned into a planetary di�erential. This component is the
basis of the dual-motor actuator presented in this work. The basic schematic of
the dual-motor actuator (DMA) is shown in Fig. 1. Two input drivetrains are
coupled to the sun and ring gear of a planetary di�erential, while, just like in a
regular planetary gear, the output is coupled to the carrier. As shown in Table
1, this topology o�ers the highest reductions between the inputs and the output.
As a result, the reductions o�ered by the planetary di�erential are exploited in
the best possible way, leading to the most e�cient design in terms of space.

The input drivetrains each consist of a motor and gearbox with a holding
brake. When it is engaged, the motor can be switched o�, such that no electrical
power is consumed. An additional advantage is that the brakes can hold higher
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Figure 1: Dual-motor actuator setup. The actuator consists of two drivetrains, coupled to
the ring and sun gear of a planetary di�erential. The load is coupled to the carrier gear, just
like in an ordinary planetary gear. Holding brakes, placed in between the motors and their
gearboxes, can be controlled to lock the position of the drivetrain, upon which the motor can
be switched o�.

torques than the motor, which is limited by the maximum current it can provide.
Without brakes or any other locking mechanism, the maximum torque that can
be provided by the actuator would be determined by the weakest motor, as we
will explain in section 2.3. Having a locking mechanism is therefore essential in
order to make the actuator's operating range as large as possible.

Previously presented concepts have used a cam-based clutch [18] or worm
gears [20][24] as locking devices. Worm gears can be designed such that they
lock when backdriven, without any need for actuation. With worm gears on
both branches, however, the entire actuator becomes non-backdrivable. This
makes the actuator less suitable for robotics applications where, in many cases,
backdrivability is desired. For this reason, we used controllable brakes instead
of worm gears, like in Girard et al. [21]. The brakes are positioned on the motor
shafts, rather than directly on the ring and sun gears. The main advantage of
of this approach is that the required braking torque is scaled down through the
gearbox, such that a smaller brake can be used.

2.2. Design equations

A schematic of the DMA, along with de�nitions of the torques T and speeds
ω, is given in Fig. 2. The signs of the torques and speeds follow the passive sign
convention [26], i.e. input powers TSωS and TRωR are positive, while output
power Toωo is negative.
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Inputs Output Kinematic relationship

Sun, ring Carrier ωo = 1
1+ρωS + ρ

1+ρωR

Sun, carrier Ring ωo = 1+ρ
ρ ωC − 1

ρωS
Ring, carrier Sun ωo = (1 + ρ)ωC − ρωR

Table 1: Kinematic relationships for di�erent con�gurations of a planetary di�erential. The
output speed is denoted by ωo, carrier speed by ωC , sun speed by ωS and ring speed by
ωR. The planetary di�erential ratio ρ is de�ned in Eq. (4). For a single-stage planetary
di�erential, 1 < ρ ≤ 9. In this case, a con�guration where the sun and ring gear are used as
inputs yields the highest overall reduction.

ToR,wR

ToS,ws

rR

rP

rS
rC

wP

TC

wo

Figure 2: Planetary di�erential with de�nitions of torque and speed. De�nitions respect the
passive sign convention.

The actuator has one static and two kinematic degrees of freedom (DoF). The
static degree of freedom is de�ned as the number of independent shaft torques
that are needed to satisfy the static equilibrium conditions; the kinetic degree
of freedom is de�ned as the number of independent speeds that fully determine
the motion of the di�erential [27]. Imposing a certain motion to a load imposes
one static and one kinematic DoF. Consequently, the mechanism is statically
determined, but is still left with one redundant kinematic DoF. In other words,
we will be able to choose the way how both motors contribute to the output
speed while � in steady state � their torques are completely determined by the
output torque.

2.2.1. Speeds

The ring and sun drivetrains consist of a geared DC motor. We can thus
write

ωmλ = nλωλ (1)

where nλ (λ = R,S) are the gear ratios of the planetary gearboxes in the ring
and sun drivetrain, respectively. Because of the redundant kinematic DoF, the
ring motor angular velocity ωmR and the sun motor angular velocity ωmS can
be chosen independently. We de�ne the speed ratio i as

i =
ωR
ωS

=
ωmR/nR
ωmS/nS

(2)
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The speed ratio i is the degree of freedom which we would like to control, in
such a way that the most energy-e�cient operation is achieved. The velocity
ωo of the carrier, which serves as the output, is a linear combination of the sun
and ring motor velocities. From Table 1, we �nd that this relationship is given
by

ωo =
1

1 + ρ
ωS +

ρ

1 + ρ
ωR (3)

where we de�ned the planetary di�erential ratio ρ as

ρ =
rR
rS

(4)

This ratio is related to the gear ratio with locked ring nPG (i.e. the di�erential
is used as an ordinary planetary gearbox) by

ρ = nPG − 1 (5)

Geometry dictates that rR > rS , so ρ > 1.
Combining Eqs. (2) and (3), we can write the input speeds of the planetary

di�erential as a function of the output speed:[
ωmS
ωmR

]
=

[
nS(1+ρ)
1+ρi

nR(1+ρ)i
1+ρi

]
ωo (6)

2.2.2. Torques

2.2.2.1. Di�erential torques. Consider the planetary di�erential displayed in
Fig. 2. We assume that all friction is caused by the meshing of the gear teeth.
If both sun and ring are delivering power to the planets, i.e.

ToS (ωS − ωo) > 0 (7)

ToR (ωR − ωo) > 0 (8)

the meshing e�ciency for the planets with the sun (ηSP ) and the ring (ηRP )
can be found by dividing the output power by the input power:

ηSP =
−T (S)

P (ωP − ωo)
ToS (ωS − ωo)

(9)

ηRP = −
T

(R)
P (ωP − ωo)
ToR (ωR − ωo)

(10)

in which ToS and ToR are the torques on the sun and ring gear, and T
(S)
P and

T
(R)
P are the torques on the planets due to meshing with the sun and ring gear,

respectively. In the above equations, the speeds with which we multiply the
torques are relative to the carrier, as if it is �xed. Indeed: if the sun or ring
gear is not moving with respect to the carrier, the gear teeth will not move with
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respect to each other, and there will be no power transfer. Also note that, if
one of the conditions (7) or (8) is false, the nominator and denominator need
to be reversed in the corresponding equation (9) or (10).

The torque balance is given by

ToS + ToR = TC (11)

and the power balance, in a reference frame attached to the rotating carrier, by

ηSPToS (ωS − ωC) + ηRPToR (ωR − ωo) = 0 (12)

Note that we could also have found this equation by stating the power equilib-
rium in a single planetary gear, i.e.

T
(S)
P (ωP − ωC) = T

(R)
P (ωP − ωo) (13)

Indeed, with a �xed carrier and zero planetary inertia, the only powers through
the planetary gears are the powers accepted from the ring and sun.

Inserting the speed equation (3) into Eq. (12), we �nd (after some small
calculations)

ηSPToSρ− ηRPToR = 0 (14)

Combining this with Eq. (11), we �nd the relationship between the torque on
the carrier (output) and the sun and ring torques:

TC =

(
ρ
ηSP
ηRP

+ 1

)
ToS (15)

TC =

(
1

ρ

ηRP
ηSP

+ 1

)
ToR (16)

The speed equation (3) shows that the output speed is a linear combination of
the ring and sun speed with positive coe�cients. In other words, the output
speed is a weighted average of the sun and ring speed, and will lie somewhere
in between these speeds. Furthermore, ToS , ToR and ToC are de�ned in such a
way that they always have the same sign. Combining these two facts, we can
easily see that

sign [ToS (ωS − ωo)] = −sign [ToR (ωR − ωo)] (17)

It is therefore su�cient to check only one of the two conditions (7) and (8); if
one is false, the other one is true. As a result, ηRP and ηSP will appear as a
product in all equations, regardless of which power �ow case we are in. We can
thus de�ne ηPG = ηRP ηSP and write

TC =
(
ρη
sign[TC(ωS−ωo)]
PG + 1

)
ToS (18)

TC =

(
1

ρ
η
sign[TC(ωR−ωo)]
PG + 1

)
ToR (19)
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To further simplify the equations, we de�ne the e�ciency function CPG of the
planetary di�erential:

CPG = η
sign[TC(ωS−ωo)]
PG (20)

and rewrite it as a function of i:

CPG = η
sign[ 1−i

1+ρiTCωo]
PG (21)

With this function,we can write the relationship between the carrier torque TC
and the sun and ring torques ToS and ToR as

TC = (ρCPG + 1)ToS (22)

TC =

(
1

ρCPG
+ 1

)
ToR (23)

Eqs. (22) and (23) demonstrate that the torques on the ring and sun gear are
fully determined by the required output. Furthermore, by combining them, we
can �nd

ToR = ρCPGToS (24)

indicating that, by design, the torque in the ring branch will be higher than
that in the sun branch.

2.2.2.2. Motor torques. The relationships between the motor torques Tmλ and
the torques on the sun or ring gear of the planetary di�erential Toλ are given by

Tmλ = Bλ (ωo, To) ·
[
Cλ
nλ
Toλ + TCλsign (ωmλ) + νλωmλ

]
(25)

where we introduced a friction torque composed of Coulomb and viscous friction,
with friction coe�cients TCλ (Coulomb friction) and νλ(viscous friction). CR
and CS represent the e�ciency function of the gearbox, de�ned as

Cλ = η
−sign(Toλωλ)
λ (26)

where ηλ represents the catalog e�ciency of the respective gearbox. The torque
on the motor shaft is multiplied by the braking function Bλ (ωo, To), de�ned as

Bλ (ωo, To) =

{
0 (brake engaged)

1 (brake disengaged)
(27)

By combining motor equation (25) with torque equations (22) and (23), we
obtain

TmS = BS (ωo, To) ·
[
CS
nS

1

1 + ρCPG
TC + TCSsign (ωmS) + νSωmS

]
(28)

TmR = BR (ωo, To) ·
[
CR
nR

ρCPG
1 + ρCPG

TC + TCRsign (ωmR) + νRωmR

]
(29)

Furthermore, the losses between the carrier and the output, which are mostly
due to bearings, can be modeled by a combination of Coulomb friction and
viscous friction, leading to the following equation for the output torque:

To = TC − TCCsign (ωo)− νCωo (30)
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2.2.3. Electrical

The following model can be applied to �nd the motor currents Iλ:

Iλ =
1

kTλ
Tmλ (31)

In this equation, kTλ represents the torque constant of the respective motor.
Furthermore, motor voltages Uλ can be calculated with

Uλ = kTλωmλ +RλIλ (32)

with Rλ the winding resistance of the motor. The electrical powers Pelec,λ are
given by

Pelec,λ = Uλ · Iλ (33)

Finally, the total electrical power Pelec consumed by the actuator is simply the
sum of both motor powers:

Pelec = Pelec,S + Pelec,R (34)

Here, we neglect the power consumed by the brakes. Whether this assumption
is justi�ed, depends entirely on the type of brake that is being used. Bi-stable
brakes, for example, do not consume any energy while they are engaged or
disengaged; energy input is only required to change their state [28]. If the
application requires the brake to switch only sporadically between its engaged
and disengaged state, such a bi-stable brake will indeed consume a negligible
amount of power. In other cases, novel concepts such as statically balanced
brakes [29] and electroadhesive clutches [30] can be used to hold the drivetrain's
position at a low energy cost.

2.3. Constraints and limitations

Any drivetrain is subject to electrical and mechanical limitations. In this
section, we discuss how these a�ect the design of a DMA.

2.3.1. Maximum speed

Typically, a maximum speed is speci�ed on the datasheets of the motor and
gearbox. Denoting the maximum motor speeds by ωmS,max (sun) and ωmR,max
(ring), we �nd that the maximum achievable output speed ωo,max is given by
(dual-motor operation)

ωo,max =
1

1 + ρ

(
ωmS,max
nS

+ ρ
ωmR,max
nR

)
(35)

Inherently, the ring branch will thus contribute more to the output speed.
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2.3.2. Maximum torque

The output torque is limited by several factors. The maximum motor and
gearbox torque, as speci�ed by the manufacturer, must be respected in order to
avoid damage or reduced lifetime of the components. Furthermore, the maxi-
mum output current of the controller's power stage may also limit the achievable
torque. We will denote the maximum torque that can be provided by the mo-
tors, regardless of its cause, with TS,max and TR,max for the sun and ring branch,
respectively. The maximum torque that can be delivered by the actuator then
depends on its operation mode of the actuator. When one of the branches is
locked (single-motor operation), the maximum output torque is fully determined
by the active branch. If the active branch is the sun, we obtain a maximum
output torque To,max,S given by

To,max,S = (ρCPG + 1)
nS
CS

TS,max (36)

For the ring, the maximum output torque To,max,R is

To,max,R =

(
1

ρCPG
+ 1

)
nR
CR

TR,max (37)

In dual-motor operation, both branches are active at the same time. While
their speeds can be controlled independently, their torques cannot; they are
fully determined by the required output torque, as shown by Eqs. (22) and
(23). As a consequence, the weakest branch e�ectively limits the output torque.
The maximum output torque in dual-motor operation, To,max,D, can thus be
written as

To,max,D = min [To,max,S ;To,max,R] (38)

In order to maximize the dual-motor operating region, where redundancy can
be exploited, the gear ratios must therefore be chosen such that To,max,S =
To,max,R. This yields

nS
nR

=
1

ρCPG

CS
CR

TR,max
TS,max

(39)

If similar or identical motors are used, and neglecting the e�ciency of the plan-
etary di�erential, we �nd

nS
nR

=
1

ρ
(40)

Consequently, in order to get the most out of the dual-motor operation, the
ring branch will need to deliver higher torques at lower speeds compared to the
sun branch. Nevertheless, it might be interesting to make one branch stronger
than the other. Such a design would result in an actuator which can deliver
high torques at low speeds, as well as high speeds at low torques. Certain
applications, such as actuated ankle prosthetics, could bene�t from such an
actuator design [4].
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2.3.3. Maximum voltage

The motor voltage Uλ cannot exceed the voltage Uλ,max available from the
power source:

|Uλ| < Uλ,max (41)

According to Eq. 32, the motor voltage links the motor torque to the motor
speed. Hence, Eq. (41) limits the output speed that can be achieved at certain
output torque.

3. Theoretical discussion

3.1. Maximum achievable e�ciency

Since energy consumption is the integral of electrical power over time, the
high-power operating points can be expected to have the largest in�uence on
the overall energy consumption. Fortunately, motors and gearboxes tend to
operate close to their maximum e�ciency when they are delivering high powers.
Maximizing the maximum e�ciency of the actuator is therefore a �rst step
towards maximizing the overall e�ciency of the actuator.

To simplify the problem, the maximum e�ciency of the sun and ring branch
will be de�ned as ηSb and ηRb. This e�ciency includes the motor and gearbox
losses, as well as friction losses. De�ning the e�ciency function of each branch
as

Cλb = η
−sign(Toλωλ)
λb (42)

the electrical power can be written as

Pelec = CRbTmRωmR + CSbTmSωmS (43)

The strong relationship between the motor's Joule losses and the square of the
current is not represented by this simpli�ed equation. It therefore does not
account for the high losses su�ered by a motor delivering a low torque or, in the
extreme case, a static torque. Nevertheless, the simpli�cation allows us to draw
some interesting conclusions about the relationship between the design and the
maximum e�ciency that can be achieved. After some small calculations, and
neglecting losses in the planetary di�erential and on the output shaft, Eq. (43)
can be rewritten as a function of the output torque and speed:

Pelec =

(
CRb

ρi

1 + ρi
+ CSb

1

1 + ρi

)
Toωo (44)

When both motors are in forward drive, we can write this equation as

ηtot =
Toωo
Pelec

=
1 + ρi(
ρi
ηRb

+ 1
ηSb

) (45)

As expected, the e�ciency of the actuator depends on the speed ratio i. The
optimal speed distribution puts the most power demand on the branch with the
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most e�cient drivetrain. A high speed ratio, for example, corresponds to a high
ring speed and, consequently, high power in the ring branch. Eq. (45) shows
that, in this case, the ring branch e�ciency dominates the overall e�ciency.
Note that the planetary gear radius ratio ρ and the speed ratio i appear in
couples ρi. This suggests that the parameter ρ � values typically between 1 and
9 for a one-stage planetary geartrain � is not that important, because it can to
some extent be corrected by the speed ratio i. However, ρ also has a signi�cant
in�uence on the torques and speeds that need to be delivered by the motors, and
consequently on the gearbox choice. A high ρ corresponds to a high planetary
di�erential reduction, leading to a decreased need for high gearbox reductions
on the sun and ring motor. Considering that smaller gearbox reductions are, in
general, more e�cient [31], a higher ρ may allow for a more e�cient design of
the separate branches. As we will see in section 4.1, this improves the overall
e�ciency of the actuator as well.

Eq. (45) also shows one very important property of the DMA design: the
e�ciency in dual-motor operation can never be higher than that of the most
e�cient branch. This means that, if the actuator is intended to replace a con-
ventional motor with gear reducer, this will only be an improvement in terms of
energy consumption if at least one of both branches can be made more energy-
e�cient than the initial motor-gearbox combination.

Finally, if both drives are identical, i.e. ηRb = ηSb = η, the maximum
e�ciency becomes

ηtot = η (46)

In other words, with identical drives, the design of the planetary gear nor the
speed ratio in�uence the maximum achievable e�ciency of the actuator.

3.2. Power �ows
In a conventional geared motor, the imposed motion and the friction losses

determine the power required from the motor. For overactuated systems such as
the DMA, the user can choose how to distribute the powers over both motors.
To do this in an energy-e�cient way is not a straightforward task, because
the internal power �ows have a strong in�uence on the gear losses inside the
actuator. The power �ows that may occur can be divided into eight types, as
shown in Fig. 3. Which type of power �ow occurs, depends on two things: the
direction in which power is transferred to the load, as well as the speed ratio.
Interestingly, positive power at the output does not necessarily imply that both
input motors are delivering positive power as well. For values of i < 0, one
motor is motoring (positive power �ow), while the other is regenerating (negative
power �ow). This has important implications for the design and control of
the actuator, because the power �ows in�uence the e�ciency function of the
planetary di�erential and the planetary gearboxes in both branches. The values
of the e�ciency functions CS , CR and CPG are listed in the �gure for each of
the power �ow types.

The transitions between the di�erent power �ow types shown in Fig. 3
deserve special interest, because each corresponds to a speci�c way of using the
actuator.
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Figure 3: Possible power �ows in a DMA con�guration based on a planetary di�erential. The
power �ows are represented by green arrows, where wider arrows represent higher powers.
There are eight types of power �ow, all of which can be characterized by the output power
Toωo and the speed ratio i. The values of the e�ciency functions CS , CR and CPG depend
on the power �ow type; their values are listed for each of the eight cases.

� The extreme case of i =∞ corresponds to zero speed of the sun branch. At
zero speed, friction losses are eliminated, and the only remaining losses are
the Joule losses1 in the motor. These can also be eliminated by engaging
a locking device, if is available on the branch.

� At i = 1, the sun, ring and carrier move at exactly the same angular
velocities (ωS = ωR = ωo). This type of motion is known as �block
motion� [32]. The e�ciency function CPG, given by Eq. (21), becomes

CPG = η
sign(0)
PG = 1 (47)

Meshing losses are completely eliminated, because the gear teeth of the
planets no longer move with respect to those of the sun and the ring.

� At i = 0, the ring branch is standing still. By engaging a locking device,

1These are the losses due to heating of the motor windings. They are also known by other
names, such as copper losses, Ohmic losses, resistive losses, armature winding losses, etc.
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the losses in this branch can be eliminated completely, just like in the
i =∞ case.

� For a speed ratio i = −1/ρ, both input branches may turn at a certain
speed, but will nonetheless combine to an output speed of zero. Obviously,
this type of operation is not very e�cient for stationary applications. The
better option is to lock both branches, such that they can deliver a reaction
torque which combines to the required output torque.

4. Case study: replacing a 250W drivetrain

In this section, a reference drivetrain (a 250W Maxon RE65 DC motor with
51:1 planetary gearbox) is replaced by a more energy e�cient dual-motor actua-
tor design. In order to make both designs comparable, we will attempt to shape
the DMA's operating range in such a way that it resembles that of the 250W
motor. We chose to work with a Maxon 150W RE40 DC motor, which is one of
the most e�cient in Maxon's catalog, and combine it with a 90W Maxon RE35
DC motor. In terms of size, this is the smallest combination of motors that is
able to span the same operating range as the 250W motor. The parameters of
these motors, as well as those of the reference motor, are listed in Table 2. The
motors of the DMA are equipped with planetary gearboxes from the Maxon
GP42 range, which �ts both motors. The gear ratios are chosen in such a way
that the DMA covers most of the reference drivetrain's operating range. If sim-
ilar solutions are available, the most energy e�cient solution is used. Finally,
since the friction coe�cients are unknown, we will assume TCC = 0, νC = 0,
TCR = 0, TCS = 0 and TCref = 0. All friction is assumed to present itself
as viscous friction in the sun and ring branch. As suggested in [33], the cor-
responding friction coe�cients are derived from the motors' no-load speed and
no-load current:

νλ =
kTλInlλ
ωnlλ

(48)

With this formula, we obtain friction coe�cients νS = 5.2E-6 Nm/(rad/s),
νR = 6.1E-6 Nm/(rad/s) and νref = 8.9E-5 Nm/(rad/s).

4.1. Energy-e�cient design

Table 3 shows several DMA solutions which cover a similar operating range
as the reference drivetrain. In this table, two critical design parameters are
varied: the gear ratio of the planetary di�erential and the placement of the
two motors. Except for design 2, all designs lead to a higher e�ciency than
the reference drivetrain. The highest gains in e�ciency occur for ρ=9. A high
ρ will allow to decrease the gear ratio of the sun drivetrain and increase the
ring drivetrain gear ratio, as predicted by (39). Decreasing the gear ratio of
a planetary gearbox is particularly interesting if it leads to a reduction of the
number of gearbox stages, since this will greatly improve gearbox e�ciency.
Indeed, the gearboxes in the sun branch in designs 3 and 4 (ρ=9) have one
stage less compared to designs 1 and 2 (ρ=1.5), resulting in much higher gearbox
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Maxon RE65 Maxon RE40 Maxon RE35
Nominal power 250 W 150 W 90 W
Nominal speed 3710 rpm 6940 rpm 7000 rpm

Nominal torque Tmax 485 mNm 177 mNm 101 mNm
Max. speed ωmax 3000 rpm 12000 rpm 12000 rpm
No-load speed ωnl 3960 rpm 7580 rpm 7740 rpm
No-load current Inl 665 mA 137 mA 169 mA
Max. e�ciency ηmax 83% 91% 86%
Terminal resistance R 0.0821 Ohm 0.299 Ohm 0.583 Ohm
Torque constant kt 55.4 mNm/A 30.2 mNm/A 19.4 mNm/A
Speed constant kb 172 rpm/V 317 rpm/V 328 rpm/V

Mass m 2100 g 480 g 340 g

Table 2: Parameters of the Maxon motors used in this section.

DMA Ring DMA Sun Di�erential E�ciency
Pnom nR ηR Pnom nS ηS ρ ηPG mean max.

Design 1 150 W 113 72% 90 W 113 72% 1.5 94% 59% 67%
Design 2 90 W 156 72% 150 W 66 72% 1.5 94% 48% 64%
Design 3 150 W 126 72% 90 W 26 81% 9 94% 61% 68%
Design 4 90 W 216 72% 150 W 15 81% 9 94% 63% 71%

Reference drivetrain (Maxon RE65 250W, 51:1 reduction) 51% 64%

Table 3: Overview of DMA designs and their performance. E�ciencies (calculated with the
equations presented in Section 2) depend on both speed and torque. The mean e�ciency is
taken over the entire range of torques and speeds that can be achieved with the actuator; the
maximum e�ciency is the highest e�ciency over the entire operating range.

e�ciencies ηS . As a result, these high-ρ designs also result in a better overall
e�ciency. A high value of ρ can thus be considered as a must for an energy-
e�cient dual-motor design.

The placement of the ring and sun motor is a more di�cult subject, because
it is closely related to the way the operating range is shaped � something which
can be in�uenced through the choice of the gear ratios of both drivetrains and
the way the holding brakes are used. In this regard, Eq. (24) can again serve
as an important guideline. Knowing that the sun branch can easily be made
e�cient because it bene�ts more from the reduction o�ered by the planetary
di�erential, it makes sense to exploit this branch as much as possible in single-
motor operation. This means that the operating range of the sun motor must be
maximized, which can be accomplished by choosing a motor with high nominal
power. In Table 3, design 4, where the 150W motor is used in the sun branch,
is indeed the most e�cient.

4.2. Weight, volume and operating range

Reducing energy consumption was the main goal of the optimization. Nev-
ertheless, volume and weight can also be reduced by a dual-motor architecture.
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Weight Volume
Reference drive 5.8 kg 1.13 dm³

Dual-motor actuator 2.6 kg 0.512 dm³

Ring drive 0.62 kg 0.145 dm³

Sun drive 0.94 kg 0.186 dm³

Di�erential 1.0 kg 0.180 dm³

Table 4: Estimated weight and volume of the reference drive and the dual-motor actuator,
based on the datasheets of o�-the-shelf components (i.e., the combined weight of the motor,
gearbox and brake). The structure to hold the dual-motor actuator is not included in this
calculation, so the estimated weight and volume can be considered as a lower bound. The
additional weight can, however, be compensated to some extent by eliminating parts of the
separate o�-the-shelf components through an integrated design.

The estimated weights and volumes for the reference drivetrain and the DMA
are shown in Table 4. The weight and volume of the reference drivetrain are al-
most twice as high as those of the DMA. Even though the estimated weight does
not account for the weight of the structure, there appears to be a lot of margin
for adding components. An integrated design, which combines the reductions of
the individual motors and the planetary di�erential in a single housing, can also
lead to a considerable reduction in weight and volume [21]. The width of the
DMA will, however, tend to be larger than that of the single-motor equivalent.
The sum of the diameters of the DMA's composing drivetrains is 84 mm, while
the reference drivetrain has a diameter of 81 mm.

Also important to note is that we designed the DMA to match the operating
range of a conventional drivetrain. Several applications in robotics, however, do
not require high speeds at high torques and, consequently, do not use the full
operating range of the motor [4]. One of the main advantages of the DMA is
that its operating range can be turned into an L-shape, i.e. with a high-speed
low-torque region and a high-torque low-speed region [20]. Interestingly, these
are exactly the regions in which a DC motor is ine�cient [1]. With an L-shaped
operating range, the DMA can be optimized for operation in these regions,
pushing up the e�ciency to even higher values. Furthermore, by eliminating
the unused part of the operating range, the DMA can be composed of smaller
motors, reducing the overall size and weight [21].

To summarize, the analysis in this work already shows the potential of a
dual-motor design compared to a regular motor with gear reducer. However, the
bene�ts in terms of e�ciency, weight and compactness can only be fully unlocked
when the design, and more speci�cally the operating range, is optimized for a
speci�c application.

4.3. E�ciency maps

In previous work [1], we introduced e�ciency maps as a tool to visualize an
actuator's torque- and speed-dependent e�ciency in its entire operating region.
Figure 4 shows the e�ciency maps of the two most energy-e�cient designs,
designs 3 and 4, and the reference drivetrain. As predicted in section 4.1, the
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(a) Reference drivetrain.

(b) DMA (design 3). (c) DMA (design 4).

Figure 4: E�ciency maps of (a) the reference drivetrain, (b) dual-motor actuator design 3 and
(c) dual-motor actuator design 4, according to Table 3. The white areas denote combinations
of speed and torque which cannot be delivered by the actuator, because at least one of the
constraints listed in section 2.3 is violated. The dual-motor actuator has a higher e�ciency
over a broad range, and performs particularly better at low torques.

e�ciency maps of design 3 and 4 are comparable, although the average e�ciency
of design 4 is clearly higher. Comparing the DMA designs to the reference
drivetrain, the DMA not only has a higher maximum e�ciency, but is also able
to operate close to its maximum e�ciency in a larger part of its operating range.
Furthermore, the DMA is much more e�cient than the reference motor at low
powers. This is where the losses in the drivetrain have the highest impact,
because they are high relative to the total output power. In fact, when an
actuator is backdriven by the load, it may still need to deliver energy if the
actuator's energy losses are higher than the energy �owing in from the load
[1]. In Fig. 4, this type of operation is characterized by an e�ciency of zero,
which corresponds to the dark blue zones at high-torque low-speed and high-
speed low-torque. A large part of the reference motor's operating range consists
of such zero-e�ciency regions. The DMA, however, is much more e�cient in
these areas. To understand why, we have to look at the operating modes of the
actuator.
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4.4. Operating modes and speed ratio i

(a) Design 3. (b) Design 4.

Figure 5: Optimal operating modes and speed ratios i for designs 3-4, as speci�ed in Table
3. Dark blue denotes single-motor operation with locked ring (i=0); yellow denotes single-
motor operation with locked sun (i =∞). In dual-motor operation, the speed ratio is shown.
The white areas denote combinations of speed and torque which cannot be delivered by the
actuator, because at least one of the constraints listed in section 2.3 is violated. Dual-motor
operation is preferred when the required output torque is low compared to the required speed.
At high torques and low speeds, single-motor operation is a more e�cient choice. For these
speci�c designs, a locked ring is preferable over a locked sun. This applies especially to design
4.

Energy-e�cient operation of the DMA depends on two crucial elements: a
good choice of the operating mode (dual-motor or single-motor operation) and,
in dual-motor operation, a well-selected speed ratio. The optimal speed ratio i
and the brake functions Bλ (ωo, To) complement each other

2, and can be mapped
together as a function of torque and speed. Such maps are shown in Fig. 5, for
designs 3 and 4 from Table 3.

For both designs, single-motor operation covers a large part of the operating
range. In this case, all power will be provided by the unlocked drivetrain. If this
drivetrain can be made highly e�cient, very high e�ciencies can be obtained
in single-motor operation. This explains the success of design 4, which, as
illustrated by the large blue regions in Fig. 5, strongly exploits single-motor
operation by locking the ring branch.

It appears that dual-motor operation becomes interesting when the de-
manded torque is low w.r.t. the demanded speed. In dual-motor operation,
the speeds can be distributed over both motor branches, signi�cantly lowering
the viscous friction losses. At low torques and high speeds, the Joule losses

2As we explained in section 3.2, the usage of the brakes can be related to the speed ratio.
Locking the ring branch corresponds to a speed ratio of i = 0, while braking the sun branch
corresponds to i =∞.
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(proportional to torque squared) and the gearbox losses (proportional to the
power �ow) are less crucial than the viscous friction losses, which are propor-
tional to speed squared. This explains why dual-motor operation is preferred
in this region. At lower speeds, however, the decrease in viscous friction losses
does not outweigh the additional Joule losses in the second motor branch. It
then becomes more interesting to only use one motor and to have the second
torque delivered statically by a brake.

Another interesting observation is that the speed ratio never drops below
zero. Referring to Fig. 3, i < 0 corresponds to a situation where one motor acts
as a motor while the other works as a generator is not energy-e�cient. Indeed:
the internal power �ow that arises only leads to additional energy losses [34].
Hence, as far as steady state operation is concerned, this type of operation
should be avoided.

Finally, it can be noted that, in design 4, the sun brake is only used in a
very limited region. In order to save weight, it can be left out of the design,
with only a minimal loss of e�ciency.

5. Experimental validation

5.1. Test setup

Fig. 6 shows the test setup that is used to study the actuator concept
experimentally. The DMA is constructed using o�-the shelf components. The
planetary di�erential consists of a commercial Neugart PLFE 064 planetary
gearbox (ηPG=94%) with a reduction ratio of 10:1. Instead of �xing the casing
of the gearbox to the structure, a ball bearing is used to constrain the gearbox
radially, while allowing it to rotate around its axis. Additionally, a spur gear
is mounted on the casing (i.e., the ring), which is driven by the ring drivetrain
through a 3:1 reduction. In this way, a planetary di�erential as depicted in Fig.
1 is created. The ring drivetrain is a 90W Maxon RE35 motor with a 73.5:1
Maxon GP42C gearbox (ηR=72%); the sun drivetrain is a 150W Maxon RE40
motor with 15:1 Maxon GP42C gearbox (ηR=81%). This design is equivalent to
design 4 in Table 3, except for the ring gear ratio nR. The overall ring reduction
is thus 220.5:1, which is close to the 216:1 reduction speci�ed in Table 3. Both
motors are equipped with Maxon AB24 holding brakes (24V, 0.4Nm).

A 250W Maxon RE65 motor with 51:1 Maxon GP81A gearbox, which served
as the reference drivetrain in section 4, is coupled to the DMA with an ETH
Messtechnik DRBK-50 torque sensor in between, so that the torque provided by
the drivetrains can be measured. The positions and speeds are obtained from
Maxon HEDL 5540 encoders (500 CPT) mounted on each of the motors. A
Maxon EPOS3 70/10 controller in Cyclic Synchronous Torque Mode imposes a
constant torque on the 250W motor. A constant speed is imposed on the DMA's
ring motor (by means of a Maxon MAXPOS 50/5) and sun motor (by means of a
Maxon EPOS3 70/10). Both controllers are programmed in Cyclic Synchronous
Velocity Mode, which uses a cascaded controller consisting of a high-frequency
PI current loop and a low-frequency PI speed loop with acceleration and speed
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Figure 6: (a) Test setup used to validate the case study presented in section 4. The reference
drivetrain (left) and the dual-motor actuator (right), designed with the intention of covering
the same operating range as the reference motor, are coupled back-to-back with a torque
sensor in between. (b) Exploded view of the dual-motor actuator.

feedforward. The controller relies on feedback from the encoders on the two
motors of the DMA, i.e., there is no direct feedback from the output.

The Maxon AB24 holding brakes are normally engaged; they are disengaged
by applying a voltage of 24V to the terminals. A Panasonic AQZ202 solid state
relay is used to switch between the on and o� state. It receives the switching
command from a digital output of the MAXPOS or EPOS3 controller. The mo-
tor currents are retrieved from the EPOS3 and MAXPOS controllers, while the
voltage at the motor terminals is obtained from a custom-made di�erential am-
pli�er circuit board. The available sensors thus allow for a direct measurement
of the mechanical and electrical power consumption of the actuators.

In order to determine the optimal operating mode of the DMA, three exper-
iments were performed: one with a locked ring, one with a locked sun, and one
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in dual-motor operation. In dual-motor operation, the optimal speed ratio was
�rst determined experimentally by performing a slow (3-minute) sweep over a
realistic range of speed ratios. In the actual experiment, constant speeds were
imposed on both motors according to the speed ratio which yielded the lowest
energy consumption during the sweep. The experimental energy consumptions
presented below are the lowest among the three experiments.

5.2. Validation of the theoretical model

The model described in section 2 contains many a priori unknown friction
coe�cients. With the available experimental data, however, we can estimate
these unknown coe�cients.

E�ciency of planetary di�erential ηPG 88 %
E�ciency of sun gearbox ηS 81 %
E�ciency of ring gearbox ηR 66 %

Sun drivetrain viscous friction coe�cient νS 1.5E-5 Nm/(rad/s)
Ring drivetrain viscous friction coe�cient νR 2.1E-13 Nm/(rad/s)

Carrier viscous friction νC 2.9E-3 Nm/(rad/s)
Coulomb friction of sun drivetrain TCS 0.0096 Nm
Coulomb friction of ring drivetrain TCR 0.0049 Nm

Coulomb friction of carrier TCC 0.091 Nm

Table 5: Empirical friction coe�cients for the DMA design.
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Figure 7: Currents obtained from experiments and the theoretical model, for various operating
points. There is a good correspondence between the model and the measurements.

We imposed output torques of [-15,-10,-5,0,5,10,15] Nm at output speeds of
[-80,-50,-20,0,20,50,80] rpm and calculated the expected currents based on Eq.
(31) with the imposed speed and torque as input. These values were then �tted
onto the motor current measurements, with the friction coe�cients TCγ , νγ
(γ = R,S,C), ηS , ηR and ηPG as �tting parameters. The resulting parameters
are listed in Table 5 and the �t is shown in Fig. 7. Overall, there is a good
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Gearbox e�ciency ηref 87 %
Viscous friction coe�cient νref 2.05e-4 Nm/(rad/s)

Coulomb friction coe�cient TCref 0.066 Nm

Table 6: Empirical friction coe�cients for the reference drivetrain.

match between the measurements and the �tted model. The results therefore
indicate that the model proposed in section 2 can be considered adequate.

A semi-empirical model of the reference drivetrain was obtained with the
same procedure. The �tted equation for the current is

Iref =
1

kt,ref

[
TCrefsign (ωo) + νrefωonref +

Cref
nref

To

]
(49)

with Cref the gearbox e�ciency function de�ned by Eq. 26. The �tted coe�-
cients are listed in Table 6. The �tted gearbox e�ciency (87%) is higher than
the catalog e�ciency (70%), indicating that gearbox losses for the reference
drivetrain are better represented by Coulomb friction, as suggested by some
other authors [32, 35, 36].

5.3. Power consumption

First, we would like to verify whether the DMA actually succeeds in reducing
the energy consumption compared to the 250 W geared DC motor. To do
so, we imposed a range of speeds and torques within the operating ranges of
the actuators. The speed ratio was then hand-tuned to its optimal value for
each measurement, following the procedure described earlier. Fig. 8 shows the
experimentally obtained electrical power consumption for speeds of -20, 20, -50
and 50 rpm, for various torques within the actuator's operating range.

For most of the torque range, the DMA is indeed more e�cient than the
reference motor. The electrical energy consumption of the DMA does, how-
ever, increase more rapidly with torque. Figure 9, which shows the di�erence
∆Pelec between the energy consumption of the DMA and that of the reference
drivetrain, indicates that the reference actuator actually becomes slightly more
e�cient for high torques. At low torques, however, the DMA is considerably
more advantageous: at no-load at ±50 rpm, it consumes up to 25 W less than
the reference drive. At low speeds (±20 rpm), the di�erence is smaller, but
there is still a 5 W reduction at no-load..

Also note that the plots in Figure 9 are asymmetrical around To = 0. Com-
pared to the reference, the DMA tends to be relatively more e�cient in reverse
drive (positive torques at negative speeds or negative torques at positive speeds)
than in forward drive (positive torques at positive speeds or negative torques at
negative speeds).

5.4. E�ciency maps

The e�ciency maps of the DMA and the reference drivetrain can be recal-
culated with the semi-empirical model. The results are shown in Fig. 10.
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Figure 8: Power consumption of the dual-motor actuator and the reference motor, for a range
of constant speeds and torques. Circles represent measured values, while the lines correspond
to the �tted model de�ned by Eq. (49) (reference) or the full model from section 2.2 (DMA).
The dual-motor actuator consumes less energy than the reference motor at low and moderate
torques, especially at high speeds.

Comparing the e�ciency maps to the theoretical ones (Fig. 4a and c), there
is a clear di�erence in the size and shape of the zero-e�ciency regions at low
torques. For the DMA, it now stretches from 0 to ±2 Nm at low speeds, where
Coulomb friction dominates. At higher speeds, where viscous friction becomes
more prominent, the zero-e�ciency region continues up to torques of 4 Nm.
The zero-e�ciency region of the reference drivetrain experiences an even greater
increase in size: it now ranges from 0 to ±10 Nm at the maximum speed of 107
rpm.

The change in size and shape can be explained by Coulomb friction, which
was included in the empirical model, but not in the simpli�ed model from section
4. In addition to viscous friction losses, motors also su�er hysteresis losses
(sometimes called remagnetization losses) which are proportional to speed, just
like Coulomb friction losses [37]. Furthermore, gearboxes have a lower e�ciency
when used at low torques, something which is not accounted for in this paper.
The torque-dependency of gearbox losses, too, can be represented by a Coulomb
friction term [32, 35, 36]. Finally, additional bearings are required for the DMA;
the friction in bearings presents itself mostly as Coulomb friction.

The increased size of the zero-e�ciency regions has an impact on the average
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Figure 9: Di�erence in power consumption ∆Pelec = Pelec,DMA−Pelec,ref of the dual-motor
actuator and the reference motor, for a range of constant speeds and torques. Pelec,DMA and
Pelec,ref were obtained from a �t on the measurements. Except at the highest torques, the
dual-motor actuator consumes less energy than the reference motor. The di�erence increases
at high speeds.

e�ciency of the actuators. The average e�ciency of the reference drivetrain is
DMA is 45%, slightly lower than the 51% in Table 3. The average e�ciency of
the DMA has decreased even more: the experimental value is 50%, which is 13%
lower than the value predicted earlier (Table 3, design 4). This relatively larger
decrease can, again, be traced down to the additional bearings in the DMA.
There is, however, room for improvement: with a more integrated design, some
of the bearings can be removed, and e�ciency can be expected to increase.

In terms of maximum e�ciency, the reference drivetrain (66%) performs
better than the DMA (60%). This is in line with Figs. 8-9 where, at the highest
torques, the DMA's energy consumption appeared to be higher than that of the
reference drivetrain.

5.5. Optimal speed ratio

Based on the improved model with empirically-de�ned friction coe�cients,
we can also �nd the real optimal speed ratios for the actuator. This is done by
performing a parameter sweep on i. The resulting speed ratios and operating
modes are shown in Fig. 11.

The di�erences with the tentative catalog-based model, of which the results
were presented in Fig. 5, are considerable. In comparison with the simulated
results in Fig. 5b, the sun brake is used much more extensively. Furthermore,
dual-motor operation is limited to those operating points that cannot be reached
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(a) Reference drivetrain. (b) DMA.

Figure 10: E�ciency maps based on the empirical models of the actuator. Although the
maximum e�ciency of the reference actuator is higher, the DMA is much more e�cient at
low speeds.

with a single motor. This can be explained by the friction from additional
drivetrain components.

Recall that, in the theoretical model, the friction in the ring and sun branch
was modeled as viscous friction. Friction coe�cients derived from catalog infor-
mation turned out to be of a similar order of magnitude. Conversely, the actual
friction coe�cients, listed in Table 5, are very di�erent. According to Table 5,
the experimentally determined Coulomb friction in the sun branch is twice as
high as in the ring branch. The di�erence in viscous friction is even greater: it
is eight orders of magnitude higher in the sun branch. The high friction losses in
the sun branch explain why it is used almost exclusively when then ring branch
cannot deliver the required output speed alone, and dual-motor operation is
required. The ring branch is locked only at the highest torques, where Joule
losses dominate. This is explained by the fact that the sun branch, according
to Eq. (24), bears less torque, and the winding resistance of the motor is lower
(see Table 2). Consequently, the sun motor experiences less Joule losses, and
single-motor operation with locked ring is the preferred mode of operation at
high-torque working points. Also note that the speed ratios in the dual-motor
region are much higher than in Fig. 5. This means that, here too, the ring motor
is used more extensively in order to reduce the impact of friction losses in the
sun branch.

6. Discussion

The simulations and experiments in this work indicate that the proposed
dual-motor actuation concept allows for a reduction of energy consumption over
a traditional single-motor actuator. We showed that the operation of the actu-
ator can be described entirely by a single parameter: the speed ratio i. Speed
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Figure 11: Optimal operating modes and speed ratio, based on the empirical model of the
tested actuator. Dark blue denotes single-motor operation with locked ring; yellow denotes
single-motor operation with locked sun; white denotes combinations of output speed and
torque which violate the constraints listed in section 2.3. In dual-motor operation, the speed
ratio is shown. This �gure demonstrates that, in the presence of Coulomb friction and/or low
gearbox e�ciencies, single-motor operation should be exploited as much as possible.

ratios lower than zero correspond to a situation where one motor is delivering
more power than needed by the load. The excess power is then absorbed by
the other motor. The internal power �ow in this type of operation causes un-
necessary losses, leading us to conclude that speed ratios below zero should be
avoided.

An important contribution of this work is the simple but detailed model of
the actuator. We have shown that a good model is crucial for the selection of
the optimal speed ratio and for deciding when to use the brakes. An important
�nding is that the results depend strongly on the amount of viscous and Coulomb
friction and the way they are distributed over the branches. This was not
discovered in previous research, where friction was systematically neglected to
simplify the analysis. Unfortunately, very little information about these losses
is provided in the manufacturers' catalogs. With e�ciency values alone, the
losses cannot be decomposed into viscous and Coulomb friction. Furthermore,
energy losses calculated from datasheet information can di�er greatly from the
actual values [38]. For these reasons, an experimental characterization of the
motors and gearboxes used in the prototype is crucial for the energy-optimal
design and control of the actuator.

In our experiments, an approach where single-motor operation is maximized
turned out to be the most energy-e�cient solution. In this case, the sun branch,
which exhibited high friction, would be locked at most operating points, while
the ring branch (lower gearbox and motor e�ciency) is locked at the highest
torques. When viscous friction is high in both branches, however, dual-motor
operation could be a better strategy at high speeds. These results strongly dif-
fered from those obtained with purely catalog-based models only, demonstrating
that simpli�ed optimization procedures based on catalog information, as well
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as common cost functions such as T 2 or (Tω)
2
, are too simplistic to deliver the

optimal speed ratio for dual-motor actuators. Instead, we suggest an approach
where the actuator is characterized by �tting an adequate model onto measure-
ments. From this model, which includes friction, optimal speed ratios can then
be calculated with existing optimization methods. The result is an optimal
speed ratio map, which can be used as a reliable input for the implementation
of a controller.

The energetic bene�ts that a dual-motor actuator brings have to be assessed
against its main disadvantage compared to a single-motor alternative: the fact
that it consists of more components. This entails additional costs, a more com-
plex design and assembly, and the need for additional drives and a more ad-
vanced control algorithm. Our results however indicate that the e�ective use of
its composing drivetrains allows the dual-motor actuator to be competitive with
single-motor alternatives in terms of weight and volume. This is an important
consideration for mobile robots, where the energetic cost of the robot is directly
in�uenced by its weight, and for wearable robots, where actuators need to be
as compact as possible. In fact, e�ciency, weight and size often overshadow
the cost aspect in emerging �elds such as assistive exoskeletons and powered
prostheses [39]. The advantages can be even greater if the working range of the
actuator can be shaped to the application � something which is possible with
the dual-motor actuator. Hence, we believe that multi-motor concepts have a
lot of potential in these �elds.

On a �nal note, we would like to remark that the results in this work are
limited to steady state operation. In applications with rapidly changing speeds
or loads, internal dynamics come into play, possibly altering some of the con-
clusions drawn in this work. Future work will therefore focus on developing
strategies to exploit dual-motor actuators in dynamic applications.

7. Conclusion

In this work, we presented a dual-motor actuation concept with a planetary
di�erential and holding brakes. This actuator is potentially more e�cient than a
conventional motor-gearbox solution because of two reasons. First, the actuator
has a redundant kinematic degree of freedom, meaning that output speed is a
weighted sum of the two motor speeds. This redundancy can be exploited by
distributing the speeds in such a way that the overall e�ciency of the actuator is
the highest. A second option is to use the holding brakes to lock one of the two
branches. In this case, the locked branch no longer contributes to the output
speed, but the losses in this branch are also completely eliminated. What we
end up with by using the brakes, is equivalent to an actuator which can be sized
to the operating point, and is therefore more e�cient.

The control and design of the dual-motor actuator is, however, very sensitive
to the speed- and load-dependent losses in the two drivetrains. Unfortunately,
speci�c information about these losses is rarely available for o�-the-shelf com-
ponents. Experimental characterization should therefore be considered as an
important step in the conception of energy-e�cient dual-motor actuators.
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