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ABSTRACT

In several industrial applications, drivetrains impose highly dynamic oscillating mo-

tions to inertial loads. By introducing springs, the system's natural frequencies can

be matched to the required operating frequencies, lowering energy consumption of

the drivetrain. However, �xed-sti�ness springs only have a positive e�ect in a limited

range of frequencies. To solve this problem, variable sti�ness springs are proposed.

A discussion of the e�ect of the series and parallel topology, as well as the possi-

bility of adapting the spatio-temporal characteristics of the motion to the spring, is

presented. Furthermore, a practical implementation of a variable sti�ness spring is

proposed. Its e�ectiveness is validated in experiments.
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1. Introduction

Many industrial processes require highly dynamic oscillating motions from relatively

high masses. The high inertial loads result in peak power levels which are much higher

than the average power requirement (Verstraten et al., 2015). As a result, the servo

drivetrain needs to be composed of electric motors and power electronic components
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with high power ratings. In addition to the high investment cost of these components,

the high peak powers and the oversized drivetrain will also result in high operational

(energetic) costs. In other words, traditional servomotors are an ine�cient, hence costly

solution, even if they are selected optimally according to the well-established design

principles such as inertia matching (Pasch and Seering, 1984) and other, more elaborate

methods (Giberti et al., 2011; Richiedei, 2018).

The addition of energy bu�ers to oscillating drivetrains presents a potential solution

to these problems. Electrical bu�ers (capacitors) only reduce the loading of the grid

and the grid front end, mainly reducing the operational costs. Conversely, mechanical

bu�ers (springs and �ywheels) reduce the load on the motor and transmission, an

e�ect which is also carried over further upstream to, again, the power electronics and

grid. As a result, the drivetrain can be composed of smaller-sized, hence cheaper,

components (Verstraten et al., 2018; Aló et al., 2018). Moreover, the reduced load on

transmission components decreases energy losses in these components, an advantage

which is exclusive to mechanical storage. In conclusion, mechanical bu�ers enable the

strongest reduction in both operational and investment costs.

There is a large body of research on spring-assisted actuation in the �eld of robotics.

Variable Sti�ness Actuators (VSA) have a variable sti�ness spring in between the

drivetrain and the load. Such a series arrangement enables a reduction of the motor's

speed requirements by, in the case of inertial loads, taking advantage of antiresonance

(Verstraten et al., 2016). By varying the spring sti�ness, the actuator can be tuned

to any type of motion. There are several concepts of VSAs; an overview is given in

Vanderborght et al. (2013). Each VSA type has its strengths and weaknesses, and must

therefore be selected according to the application (Grioli et al., 2015).

Another possibility is to place the spring in parallel with the load. Here, the concept

is that the parallel spring generates most of the nominal torque required to follow a

given trajectory and the actuator only provides the di�erence (Verstraten et al., 2016).

This way, the load on the motor is signi�cantly reduced, so that less powerful and conse-

quently lighter motors can be used. In industrial applications, parallel spring topologies

� albeit with �xed sti�ness � are much more prominent than series topologies. They
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have been applied in, e.g., cryogenic coolers (Patt, 1985), piston compressors (Boldea

et al., 1998) and four-bar linkage mechanisms (Lenaerts et al., 2018). Although most

research in robotics is on series-topology VSAs, in recent years, several authors have

investigated the use of parallel sti�ness in actuation (Uemura and Kawamura, 2009;

Iwamura et al., 2016; Nasiri et al., 2017). Other than in actuation, parallel springs are

often used for gravity compensation of manipulators (Arakelian, 2016; Rosyid et al.,

2019).

An issue with spring-assisted systems is the fact that a speci�c spring results in

energy-optimal operation at a speci�c oscillation frequency (Verstraten et al., 2016).

In some industrial applications, however, the operating frequency needs to be vari-

able. Weaving looms, for example, operate in a speci�c frequency range in which the

maximum frequency is typically the double of the minimum frequency (Adanur, 2000).

In other words, depending on the operating condition, di�erent sti�ness values of the

spring are optimal. The objective of this work is therefore to investigate the use of a

spring with variable sti�ness for oscillating motion in industrial applications. Speci�c

questions which will be addressed are (i) What are the advantages and disadvantages

of the series and parallel spring topology? (ii) How bene�cial is variable sti�ness, and

how does it compare to the strategy of adapting the spatio-temporal trajectory? (iii)

How can a variable sti�ness spring be designed?

The document is structured as follows. In section 2, we will introduce the test case

which will be used as a basis for this study. Next, in section 3, we will discuss two dif-

ferent strategies to deal with the need for varying frequencies: variable-sti�ness spring

assistance in a series and parallel spring topology and trajectory modulation. In sec-

tion 4, we explain how variable parallel sti�ness can be implemented in practice on a

reciprocating machine, with special focus on the design of the variable sti�ness spring

itself and the required locking mechanisms. Experimental evidence for the successful

implementation of the variable sti�ness spring is presented in section 5. Finally, our

conclusions are presented in section 6.
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2. Test case: machine for reciprocating motion

The test case studied in this work is a low power oscillating drivetrain with motion

and load conditions representative of an existing industrial machine. In this speci�c

machine, the amount of power needed to move the load is small compared to the power

needed to move the inertia of the drivetrain itself. In order to minimize the cost of the

motors, it is important to keep the energy in the mechanical �eld. Frequent energy

conversions between the mechanical and the electrical domain entail losses, which lead

to higher peak power requirements in order to attain the required accelerations. Because

of this, the size of the motor needs to increase and hence, the cost of the motor will

increase which has a negative e�ect on the total cost of ownership (TCO).

2.1. System model

Due to its high oscillating frequencies, the load on the considered industrial machine

is mainly inertial. The theoretical test case therefore consists of an inertial load of Jl

= 4.1 gm2. The machine is driven by a brushless DC motor, modeled as follows:

U = ktθ̇m +RI (1)

I =
1

kt
Tm

with kt the torque constant of the motor, R its winding resistance, U the voltage applied

to the motor terminals and I the current drawn by the motor. θ̇m is the motor's output

speed and Tm is the torque produced by the motor, which includes the inertial term

Jmθ̈m with rotor inertia Jm = 0.121 gm2. Furthermore, in the theoretical evaluation, a

transmission is considered with �xed gear ratio n. The value of n depends on the way

the spring assistance is implemented (see section 3.1).

In order to prevent damage to the motor, following constraints are imposed to the

motor:

∣∣∣θ̇m∣∣∣ < θ̇max (2)
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Figure 1. Output trajectory for the oscillating load.

[Tm]RMS < Tm,max,cont (3)

|Tm| < Tm,max (4)

The values of the maximum motor speed θ̇max = 6000 rpm, the maximum continuous

motor torque Tm,max,cont = 319 mNm and the maximum motor torque Tm,max = 1 Nm

correspond to the limits of the physical test setup presented in section 4.

2.2. Imposed motion

The main characteristic of the imposed motion is its frequency. The machine should

be able to reach frequencies between 5 and 7 Hz. Furthermore, it should be possible to

operate the mechanism in slow motion, at a speed of 1/3 Hz.

The exact trajectory of the motion is not prede�ned. It must, however, comply with

several requirements. A visual representation of the imposed motion, along with its

main parameters, is shown in Fig. 1. The load is held still at its extreme positions

during a speci�ed time period W . The minimal value for W is 30% of the total period

T . The minimum distance between the two extreme positions, which is to be held

during the time window W , is A = 14°. Note that the total range of the mechanism is
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(a) Parallel Elastic Actuation (PEA)

(b) Series Elastic Actuation (SEA)

Jm JlTm

θlθm

kP

Jm JlTm

θlθm

kS

n = 3.6

n = 8

Figure 2. Actuator topologies for spring assistance.

allowed to be higher than A.

3. Strategies for varying frequencies

3.1. Spring assistance

As explained in the introduction, the aim of this work is to evaluate the potential of

spring-assisted solutions for oscillating drivetrains. By adding a spring to an inertial

load, resonance and/or antiresonance frequencies are created, which can be exploited

for energy-e�cient operation (Beckerle et al., 2014). Two basic topologies exist for

spring-assisted drivetrains: the series and parallel topology (Fig. 2). Comparative stud-

ies on both topologies on a pendulum setup showed that the series topology tends to be

more e�cient in exciting natural dynamics (Verstraten et al., 2016), as long as static

loads are limited (Beckerle et al., 2017). This is the case for the application studied

in this work. The aforementioned studies were, however, limited to purely sinusoidal

motion, while the trajectory imposed in this case study exhibits a signi�cant dwell

period. As we will discuss in this section, this has considerable implications for the

choice of spring topology.
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Motor parameters (Maxon EC60 �at)
Inertia Jm 0.121 gm²

Nominal speed ωnom 3490 rpm
Torque constant kt 0.114 Nm/A
Winding resistance R 1.1 Ohm
Coulomb friction coe�cient TCm 0.1089 Nm
Viscous friction coe�cient νm 0.0024 Nm/(rad/s)
Gearbox parameters
Gear ratio n 3.6 (PEA)

8 (SEA)
Load parameters
Inertia Jl 4.1 gm²

Coulomb friction coe�cient TCl 0.08 Nm
Viscous friction coe�cient νl 0.01 Nm/(rad/s)

Table 1. List of parameters. If possible, parameter values were retrieved from datasheets. Friction coe�cients
were derived from experimental data. The inertia and friction coe�cient values of the cam-follower mechanism
were lumped together with those of the output to reduce the number of parameters.

3.1.1. Parallel Elastic Actuation

3.1.1.1. Equations. A drivetrain with a parallel spring is often referred to as a Parallel

Elastic Actuator (PEA) (Verstraten et al., 2016). The equation of motion for the PEA

on this setup is

(
Jm +

Jl
n2

)
θ̈m +

(
TCm +

TCl

n

)
sign

(
θ̇m

)
+
(
νm +

νl
n2

)
θ̇m + kP

θm
n2

= Tm (5)

where n is the transmission ratio, Jm and Jl are the inertias of the motor and load,

TCm,TCl and νm,νl are the Coulomb and viscous friction coe�cients on the motor (m)

and load (l) side, kP is the parallel spring sti�ness, θm is the motor angle and Tm is the

motor torque. A full list of parameters along with the values used in the simulations is

given in Table 1. In our calculations, the transmission ratio is assumed to be constant.

Note that, on the actual test setup described in section 4, a cam-follower mechanism

and a linkage are installed, which make the transmission ratio n angle-dependent.

Furthermore, the inertia of the parallel spring is assumed to be negligible with respect

to the load inertia.

An explicit solution for the natural frequency can be found by neglecting friction
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coe�cients TCm, TCl, νm and νl in equation (5). We �nd

θm = A0 cos(ωt) (6)

with

ω =

√
kP

Jm + Jl

n2

(7)

To exploit the system's natural dynamics, we will therefore impose a stopped cosine

as output motion, with an amplitude of A0 = nA/2 to meet the output amplitude

requirement (see Section 2.2). Since the two dwell periods each represent a duration

W of the total time period T of the motion, the period of the cosine will be T − 2W .

In other words, the relationship between the machine's frequency f and the stopped

cosine angular frequency ω is

1

ω
=

1

2π

(
1

f
− 2W

)
(8)

The optimal sti�ness setting thus becomes

kPEA,opt =

(
Jm +

Jl
n2

)(
2π

1/f − 2W

)2

(9)

Fig. 3 shows the torque that would be delivered by the motor with and without

a parallel spring. While the torque during transitions from one stop to the other is

signi�cantly decreased by the parallel spring, it also leads to an additional torque

being required during the dwell period to hold the tensioned spring. This torque would

be more than the motor would be able to hold, as Joule losses heat up the windings

from the motor. To make the parallel spring work, a mechanism would be required

which locks the load as soon as the it reaches its extreme position, and unlocks it after

the dwell time has passed. Such a locking mechanism would keep the load in place

mechanically, so that the load is not transferred to the motor. However, it is challenging
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Figure 3. Torque seen by the motor in the setup with and without a parallel spring of 68 Nm/rad (the
optimal value), for an imposed output motion of 7 Hz. The nominal torque of the motor is shown as a dashed
line for reference.

to �nd a locking mechanism which is capable of a) reacting nearly immediately to a

locking/unlocking command and b) locking and unlocking under load (Plooij et al.,

2015). A practical, cam-based solution is proposed in section 4.1.3.

3.1.1.2. Electrical energy. Fig. 4 shows the electrical energy consumption of the driv-

etrain at various frequencies, for di�erent sti�ness settings. It is calculated by intro-

ducing equations (5) and (6) into (1), taking all relevant dissipative e�ects (friction as

well as mechanical and electrical motor losses) into account. Only feasible solutions are

shown in Fig. 4, i.e. the desired trajectory can be tracked without exceeding the motor

limitations speci�ed in section 2.1. Without parallel spring, only a range of 0-2.5 Hz

can be achieved, much less than the goal of 7 Hz. When a parallel spring is added to

the system, a resonance frequency is created where the torque is considerably lowered.

A frequency of 7 Hz, for example, can easily be achieved with a spring of 68 Nm/rad.

The optimal sti�ness displays a quadratic dependence on the resonance frequency (red

line), in line with the approximated equation (7) where friction was neglected. Any

frequency near the resonance frequency (in a band of ca. 1-1.5 Hz) can be achieved by

the actuator.

Recall that the ability to perform slow motion (oscillation at a frequency of 0.3 Hz)

was one of the requirements. As seen in Fig. 4, this is only possible for parallel spring

sti�ness values up to 9 Nm/rad. At higher sti�ness values, the spring will counteract

the imposed motion rather than support it, resulting in an increased torque required
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Figure 4. Electrical energy consumption of the PEA setup as a function of oscillation frequency and spring
sti�ness. The energy-optimal spring sti�ness (red dotted line) coincides perfectly with the theoretically optimal
spring sti�ness kPEA,opt (black) calculated by means of (9).

from the motor. For this reason, many PEAs are equipped with clutches (Plooij et al.,

2017). If the sti�ness of the parallel spring is variable, one could of course bring its

sti�ness down to zero. For many variable sti�ness concepts, however, extremely low

sti�ness settings are hard to realize in practice. This is the case for the VSA concept

implemented in this work (see Section 4).

3.1.2. Series Elastic Actuation

From the discussion above, two important disadvantages of the PEA emerged. The

�rst is the need for a mechanism to lock the load during the dwell period, the second

is the di�culty to perform slow motion. In this regard, a topology where the spring

is placed in series with the drivetrain rather than in parallel presents an interesting

alternative. This topology, which is typically referred to as a Series Elastic Actuator

(SEA) (Verstraten et al., 2016), is discussed below.

3.1.2.1. Equations. The equation of motion for the SEA is given by following system

of di�erential equations

Jmθ̈m + TCmsign
(
θ̇m

)
+ νmθ̇m +

kS
n

(
θm
n
− θl

)
= Tm (10)
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Jlθ̈l + TClsign
(
θ̇l

)
+ νlθ̇l − kS

(
θm
n
− θl

)
= 0 (11)

where kS represents the sti�ness of the series spring and θl the load angle (see Fig.

2). Again, the gear ratio n is assumed to be constant, and the inertia of the spring

negligible.

The next step is to �nd the natural frequency. By neglecting friction, equations (10)

and (11) can be simpli�ed to a single biquadratic equation

nJmJl
kS

θ
(4)
l +

(
nJm +

Jl
n

)
θ̈l = Tm (12)

Besides the trivial solution ω = 0, the solution to this di�erential equation with Tm = 0

is a cosine with frequency

ωSEA,r =

√
kS (Jm + Jl/n2)

JmJl
(13)

This is the resonance frequency of the system. The corresponding series spring sti�ness

is

kSEA,r =
JmJl

Jm + Jl/n2

(
2π

1/f − 2W

)2

(14)

The series elastic element of an SEA can also be exploited to decrease motor speed,

which is given by

θ̇m = n

(
θ̇l +

Jl
...
θ l

kS

)
(15)

A piecewise solution which minimizes motor speed can thus be found by solving the

di�erential equation (15) with θ̇m=0. Neglecting friction (TCl = 0, νl = 0), the solution

would once again be a cosine. The only di�erence is the di�erent expression for the
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frequency:

ωSEA,a =

√
kS
Jl

(16)

This is the antiresonance frequency of the system. The series spring sti�ness corre-

sponding to this frequency is

kSEA,a = Jl

(
2π

1/f − 2W

)2

(17)

Note that, unlike the resonance frequency, the antiresonance frequency is indepen-

dent of the drivetrain inertia. This is because, at antiresonance, rotation of the drive-

train is minimized. Hence, its inertia no longer contributes to the torque to be delivered,

and the only load on the motor is the inertial load caused by the acceleration of the

load. Consequently, the SEA bene�ts not only from a reduction in motor speed, but

also from a moderate reduction in motor torque. In Verstraten et al. (2016), the au-

thors showed that, for this reason, antiresonance tends to be a more energy-e�cient

operating frequency than resonance if the load is mainly inertial. Of course, because

motor torque is only partially decreased in an SEA whereas, in theory, it is completely

reduced to zero in a PEA, the SEA will require a larger gear reduction than the PEA.

Also note that, in contrast to the parallel spring of the PEA, the series spring of

an SEA does not provide a position-dependent torque to the load. As a result, the

motor of an SEA will not need to deliver any torque during the dwell phase, nor will

it have to deliver excessive torques to enable slow motion at (inappropriately) high

spring sti�ness values.

3.1.2.2. Electrical energy. The electrical energy consumption of the SEA-driven ma-

chine , which is calculated by introducing equations (12) and (15) into (1), is shown

in Fig. 5. Again, all relevant dissipative e�ects (i.e. friction as well as motor losses)

are taken into account. The �gure clearly shows the SEA's inherent ability to generate

slow motion: at any sti�ness in the range of the graph, frequencies from 0-3 Hz can
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Figure 5. Energy consumption of the SEA setup. The minimal energy consumption for any frequency is
denoted by the red dashed line. Antiresonance and resonance frequencies are denoted by black lines.

be attained at all but the very lowest sti�ness settings. Note that, in comparison with

the PEA setup, the same motor is used, but the gear ratio has been increased from

n = 3.6 to n = 8.

Interestingly, minimal energy consumption corresponds to antiresonance only at the

lowest frequencies. For frequencies above approximately 3 Hz, it occurs at a sti�ness

setting closer to resonance. This seemingly contrasts with the results obtained on a

SEA-driven pendulum in Verstraten et al. (2016), where it was shown that antireso-

nance is the preferred operating point across the entire frequency range, but supports

those in Beckerle et al. (2017), where the same shift was observed on a similar setup.

The di�erences are explained by the limitations of the motor. Fig. 5 shows that antires-

onance can no longer be attained frequencies above 5 Hz because the motor's torque

limit is exceeded. The ideal operating point at high frequencies therefore inevitably

moves to resonance, where the motor torque is decreased. This is also what happened

in Beckerle et al. (2017), although the authors did not speci�cally investigate motor

limitations in this work. In Verstraten et al. (2016), however, the motor of the SEA

was oversized, allowing it to work within the studied frequency range when the series

spring was replaced by a rigid connection. Consequently, the motor did not exceed its

torque limits during the SEA experiments, and the optimal working point remained at

13



antiresonance. To summarize, these results demonstrate that the sizing of the motor

� more speci�cally its torque limit � has a decisive impact on the selection of working

points for the SEA.

3.1.3. Conclusion

From the discussion above, it emerges that the optimal sti�ness of the SEA setup for

a speci�c operating frequency is harder to determine for the SEA than for the PEA.

Another major issue with the SEA is the fact that its output motion is more di�cult to

control due to non-collocation with the output (Eppinger and Seering, 1989). Strong

transients during start-up or close to the outer stops may be the consequence. The

stopped cosine which was suggested as output trajectory, for example, has a discon-

tinuous second derivative. This causes Dirac pulses to appear in the third derivative

of the output position θl, which is a part of the expression for the motor speed (15).

Consequently, tracking the trajectory will require a Dirac pulse in motor speed as well.

Physically speaking, this translates to the requirement of instantaneous motion be-

tween two positions, which is of course impossible to meet. It is therefore necessary to

smoothen the desired output trajectory.

In conclusion, while the SEA has several advantages in terms of mechanical design,

it comes at the cost of a complicated control design. For this reason, in the following,

the SEA topology will be abandoned, and we will focus on the PEA instead.

3.2. Trajectory Modulation

In some cases it is possible to change the imposed motion in such a way that the

main natural frequency matches the sti�ness setting. This is also a valid option on

the studied test setup. As explained in Section 3.1.1.1, the optimal spring sti�ness is

de�ned by the imposed frequency of the oscillation, but also by the length of the dwell

period (Eq. (9)). Recall from section 2.2 that only a minimum length of 30% of the total

period was set out for the dwell period. By increasing the lengthW of the dwell period,

the range of frequencies which can be attained with a speci�c spring sti�ness can be

increased to lower frequencies. This is illustrated in Fig. 6. The minimum frequency
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Figure 7. Electrical energy consumption of the variable-sti�ness SEA (blue), the variable-sti�ness PEA (red)
and a �xed-sti�ness PEA (parallel sti�ness of 70 Nm/rad) with trajectory modulation (orange).

requirement, 1/3 Hz for slow-motion, is met for sti�ness values up to 80 Nm/rad,

the optimal sti�ness for operation at 7.5 Hz. In other words, trajectory modulation

would enable to use of a PEA with �xed sti�ness. In conclusion, like variable sti�ness,

trajectory modulation increases the range of attainable frequencies.

3.3. Energetic comparison

To conclude, the strategies discussed in this section are compared in terms of electrical

energy consumption. Figure 7 shows the electrical energy consumption per cycle of the

variable-sti�ness SEA and PEA topology, as well as that of a �xed-sti�ness PEA with

trajectory modulation. For the variable-sti�ness SEA and PEA, the optimal sti�ness

is selected for each frequency. For the �xed-sti�ness PEA, a spring sti�ness of kP = 70
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Nm/rad is selected, as it enables oscillation frequencies up to 7 Hz � the requirement

set out in section 2.2. The length of the dwell time is adjusted to the frequency as

explained in section 3.2.

From Figure 7, we can conclude that the SEA is the best solution in terms of

energy-e�ciency. This is in line with the results from Verstraten et al. (2016), where

the SEA was found to generate oscillations more e�ciently than a PEA on a pendulum

setup. Furthermore, the variable-sti�ness PEA is found to be more e�cient than the

�xed-sti�ness PEA with trajectory modulation. We can thus conclude that, although

trajectory modulation enlarges the range of attainable frequencies, it does not o�er the

same bene�ts as variable sti�ness in terms of reduction of energy consumption.

4. Implementation

In order to validate the �ndings from the previous section, a variable sti�ness spring

was implemented on a test setup representative of an existing industrial machine. For

the reasons explained in section 3.1.3, a parallel spring was preferred over a series

spring. The design of the setup and the variable sti�ness parallel spring are explained

below.

4.1. Test setup

The test setup is depicted in Fig. 8. Its purpose is to generate the reciprocating motion

required in a real-life industrial process, while replicating the required torques on a

smaller scale. In an earlier work, the drivetrain of the machine was assisted by a

torsion spring with �xed sti�ness in parallel with the drivetrain (Mrak et al., 2015).

The considered industrial process, however, requires a speci�c frequency range in which

the maximum frequency is typically the double of the minimum frequency. In this work,

the �xed-sti�ness spring is therefore replaced by a spring with variable sti�ness which

accommodates the entire range of operating frequencies.

The selection and design of the most crucial components are explained below.
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(b) CAD drawing of the test setup.
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(a) Schematic of the test setup.

(c) Physical test setup.
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Figure 8. Test setup with variable parallel sti�ness. Major components: (1) Torsion bar, (2) 3-jaw chuck, (3)
Electromagnetic clutch for slow motion, (4) Cam-follower mechanism, (5) DC motor, (6) Load mass.
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Figure 9. Proposed solutions for variable parallel springs, based on Vanderborght et al. (2013): (a) Spring
preload adjustment, (b) Changing transmission between load and spring, (c) Changing physical properties of
spring. The spring sti�ness adjustment is denoted by an orange arrow.

4.1.1. Variable sti�ness concepts

For the design of the variable sti�ness spring, we took inspiration from the large body of

work on Variable Sti�ness Actuators (VSAs). Note that VSAs are essentially actuators

with a spring placed in series between the motor and load. This is in contrast with the

test setup in this work, where the spring is placed in parallel to the load.

In an extensive review paper by Vanderborght et al. (2013), three di�erent categories

of adaptable sti�ness are proposed. A schematic of these solutions, applied to the

considered setup, is depicted in Fig. 9.

4.1.1.1. Spring preload adjustment. A �rst method to create variable sti�ness behav-

ior is to change the preload of the springs. The review paper by Vanderborght et al.

(2013) divides this concept into three subconcepts: preload adjustment of a single

spring, antagonistic springs with antagonistic motors, and antagonistic springs with

independent motors. The last class is depicted in Fig. 9a. A major disadvantage of

these systems is that the force required to change sti�ness increases monotonically

with the desired sti�ness. Another disadvantage is the fact that input energy is needed
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to hold a certain sti�ness setting (Chalvet and Braun, 2017), unless if non-backdrivable

mechanisms (worm gears, brakes or other locking mechanisms) are added to the design.

4.1.1.2. Changing transmission between load and spring. Unlike concepts based on

spring preload adjustment, concepts which change the transmission ratio between the

load and the spring can be made intrinsically energy-e�cient, since the force required

to change the sti�ness at equilibrium is perpendicular to the spring displacement. As

explained in Vanderborght et al. (2013), there are several ways to change the trans-

mission ratio: by changing lever length, by introducing a nonlinear mechanical link,

or by using a continuously variable transmission (CVT). Practical implementations of

this type of actuator based on a planetary di�erential can be found in Kim and Song

(2012); Cui et al. (2014).

4.1.1.3. Changing physical properties of spring. The physical properties of an elastic

element can essentially be changed in three ways: by changing its material properties,

its geometry, or its length. Sti�ness variation based on the length of the elastic element

� or equivalently, in the case of helical springs, on the number of coils � is probably

the simplest and most versatile out of these three options. It has been implemented on

designs with helical springs (Hollander et al., 2005), torsion rods (Schuy et al., 2013)

and, most commonly, leaf springs (Morita and Sugano, 1995; Choi et al., 2011; Braun

et al., 2016; Fang and Wang, 2018). Note that all examples listed here, except for Braun

et al. (2016), employ a series spring and not a parallel spring as in this work.

4.1.2. Design of a variable length torsion rod

On the test setup, we opted for a torsion rod with variable length. A potential issue

with controlling sti�ness through the length of the elastic element is play. The ideal

clamping element must be able to move axially, while providing zero play in the radial

direction. These requirements are particularly hard to meet if continuous variation

throughout the motion is required.

On the test setup, only a single sti�ness setting is required at a time, as the industrial

process occurs at a �xed frequency - which may, however, be varied between runs. This
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Figure 10. Design of the torsion rod for the variable sti�ness spring.

allows the usage of a three-jaw chuck as a clamping element. The three-jaw chuck

enables secure, free of play clamping, but must be tightened or loosened when the

torsional element is not moving. In other words, sti�ness variation must be carried out

at machine standstill and can thus not be done continuously, but the issue of play is

completely eliminated.

The design of the torsion rod relies on the basic formulas for torsion of a beam.

The optimal cross-section in terms of lifetime is circular. However, to enable better

clamping of the three-jaw chuck, three �ats, each a = 1.5mm wide, are milled onto

the round bar over a length L−L0 used for sti�ness variation (see Fig. 10). The polar

moment of inertia for this type of shaft (diameter D) is given by

Jv =

(
1− 3 · atan2

(√
D2 − a2
D

,
a

D

))
πD4

32
+

3

32

(
a3

3D3
+
a

D

)(
D2 − a2

)2
(18)

The torque supplied by the parallel spring as a function of the de�ection is

Tspring (L) = k (L) ∆θ (19)

with spring sti�ness k given by

k (L) = G

(
L0

J0
+
L− L0

Jv

)−1

(20)

20



0 100 200 300 400 500

Spring length (mm)

0

10

20

30

S
tif

fn
es

s 
(N

m
/r

ad
)

Figure 11. Sti�ness vs. length of a Cr-Si steel alloy torsion rod with a diameter of D = 4.4 mm and a
round-section length of L0 = 120 mm. Only sti�ness values which respect the strength calculation are plotted.

with G the material's shear modulus, J0 = πD4/32 the polar moment of inertia of a

circular rod, L0 the partial length of the rod with full circular cross-section, and L the

total length of the rod, which is varied in the proposed design.

The maximum achievable sti�ness is limited by the maximum allowable stress in

the rod, τmax. Following the standard equations for torsion on a beam, and after some

simple manipulations, the maximum shear stress can be expressed with the formula

τmax (L) =
GJ0∆θmaxR

JvL0 + J0 (L− L0)
(21)

with R = D/2 the radius of the rod and ∆θmax the maximum de�ection, in this

case 16°. Using this formula, we implicitly assume that the highest stress occurs in

the circular part of the rod (largest distance to center). A Cr-Si spring steel alloy

(G = 80 GPa, τmax = 1.32 GPa) was used as construction material because of its

superior strength and durability.

Employing a safety factor of 3, we can construct force-length diagrams for di�erent

diameters. Fig. 11 shows such a diagram for the torsion rod used in the test setup. The

length of the actual torsion rod was limited to a maximum of L=300 mm for reasons

of space and a minimum of 120 mm (corresponding to the length L0) for reasons of

strength. The resulting sti�ness variation range is 9-25 Nm/rad.

4.1.3. Locking mechanism

The simulations revealed that the PEA requires a locking mechanism in order to limit

the energy consumption during the dwell periods of the motion. To generate a dou-
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Figure 12. Cam mechanism kinematics.

ble dwell period, the setup is equipped with a cam-follower mechanism. Cam-follower

mechanisms have been utilized for ages in di�erent types of machinery to create this

type of dwell motion (Adanur, 2000). They have also been implemented in PEA designs

for active prostheses with the aim of shaping the linear torque-angle characteristic of

the parallel spring to a more desirable nonlinear characteristic (Realmuto et al., 2015;

Gao et al., 2018). Compared to a discrete locking mechanism such as e.g. a controllable

clutch, the cam-follower mechanism has the distinct advantage that it smoothens out

the acceleration pro�le. Moreover, it is completely passive. The downside is that their

strongly nonlinear characteristic presents some serious additional challenges in terms

of control.

The angular kinematics of the cam-follower mechanism on the test setup is visualized

in Fig. 12. The cam input angle is intended to be between (approximately) 0 and 270 °.

At the outer ends of this range, which correspond to follower angles of approximately

16 °, the follower angle is una�ected by the cam angle, i.e., it is locked. The mechanism

can rest in this position, while no torque has to be delivered by the motor. To put

the equilibrium angle of the parallel spring exactly in between these two extremes, a

calibration pin can be inserted into alignment holes in the cam pro�le and in the �xed

structure.
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4.1.4. Clutch for slow motion

A well-known issue with parallel springs is that, when they are tuned to compensate

for the inertial torque at high-frequency oscillations, they counteract the motion at

low speeds. This causes excessive motor torques at low frequencies and problems at

the start of the motion, which can potentially be solved by �swinging up� the load to

the desired amplitude or by starting the setup from its highest amplitude � something

which can be achieved thanks to the cam mechanism. However, these solutions still do

not enable slow motion of the device. To solve this problem, the setup was equipped

with a clutch. When the clutch is disengaged, the parallel spring is decoupled from the

load, so that it will no longer deliver a torque to the device which would have to be

counteracted by the motor at low speeds. Following the selection procedure suggested

by Plooij et al. (2015), an electromagnetically actuated dog clutch was selected.

4.1.5. Motor and gearbox

The motor used on the test setup is the same Maxon EC60 �at motor as the one used

in the simulations (speci�cations listed in Table 1). No gearbox is added to the motor,

as the cam-follower mechanism already provides an average gear ratio of approximately

3.6, in line with the value used for the PEA simulations.

4.2. Control

Iterative learning control (ILC) gradually adapts the input signal u(t) = Tm to create

more accurate tracking at the output, without making any changes to the controller

itself. ILC is highly robust to systematic disturbances or system uncertainties, but

its performance can be degraded by noise or nonrepeating disturbances. Taking these

characteristics into consideration, the repetitive nature of the motion and of potential

disturbances make ILC the logical option for control of the test setup.

Out of the many possible options for ILC, we selected the inverted plant method

(Bristow et al., 2006) using a second-order linearized system model as a basis. The
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control input u(λ) at discrete time λ of iteration j + 1 is calculated from

uj+1(λ) = uj(λ) + P̂−1(q)ej(λ) (22)

where q is the forward-time operator de�ned by

qx (λ) = x (λ+ 1) (23)

The error e is the di�erence between the imposed motor position θm, which is deter-

mined from the desired output pro�le by means of inverse dynamic calculations, and

the measured motor position θ̂m:

e(λ) = θm(λ)− θ̂m(λ) (24)

The matrix P can be determined from the plant's state-space representation:

xj (λ+ 1) = Axj(λ) +Buj(λ) (25)

yj(λ) = Cxj(λ)

With these equations, the matrix P becomes

P = C (qI −A)−1B (26)

The plant model was obtained from identi�cation, by �tting the second-order transfer

function onto experimental data using Matlab's System Identi�cation toolbox. The

experimental data was obtained by applying a chirp signal to the input, with a sti�-

ness setting in the middle of the available range. Although the coe�cients in the ILC

algorithm depend on the selected sti�ness setting, the in�uence of the sti�ness term

appeared to be relatively small, and the coe�cients obtained with an intermediate

sti�ness setting led to a decent performance at other sti�ness settings as well.
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Figure 13. Swept sine experiment without spring assistance (i.e. kP = 0 Nm/rad). The ratio minimum
requirement of 30% for the ratio W/T , as de�ned in section 2.2, is respected for most frequencies up to 2.6 Hz.

4.3. Sensors and data acquisition

The (linear) position of the load mass is derived from the measurement of the motor

position θm, utilizing the known kinematic relationships of the cam-follower mechanism

(Fig. 12) and the linkage. The motor position θm is measured by a CUI Devices AMT10

encoder and acquired by a Maxon EPOS3 drive. The EPOS3 drive takes care of the

low-level (current) control of the Maxon EC60 �at motor and transfers the motor

position signal to the high-level (ILC) controller, which generates the current setpoint

for the EPOS3. The high-level controller, running at 1kHz, is implemented in Matlab

Simulink on a commercial laptop, utilizing the Beckho� TwinCAT environment to

achieve EtherCAT-based real-time communication between the real-time host and the

EPOS3 drive. The details of this implementation are described in (Langlois et al.,

2018).

5. Experiments

5.1. Without spring assistance

In order to evaluate the need for spring assistance, we �rst conducted a baseline ex-

periment to determine which frequency range can be attained by the drivetrain itself.

For this experiment, a simple linearized feedback controller (Slotine et al., 1991) was

designed to control the position of the motor. Knowing that a sinusoidal motor tra-

jectory with an amplitude of at least 100° generates the desired output trajectory, a
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swept sine of this amplitude was used as desired trajectory. The frequency was varied

between 0.33 and 7 Hz. With this input signal, the imposed motor speed does not

exceed 1833 rpm, which is well below the nominal speed of the motor (3490 rpm, see

Table 1). In other words, the only factor which can limit the attainable frequencies is

the maximum motor current (or torque).

Results are shown in Fig. 13. The minimum threshold of W/T = 0.3 (see the motion

requirements in section 2.2) is maintained for frequencies up to 2.6 Hz, except for a

small range of frequencies between 0.9 - 1.7 Hz which, due to tuning of the controller

and friction e�ects, narrowly misses the threshold value. Above 2.6 Hz, the motor

current starts to saturate, and the drivetrain e�ectively becomes undersized for this

range of frequencies. This result is in accordance with the theoretical results presented

in section 3.1.1, where a zero-sti�ness frequency range of 0 - 2.5 Hz was predicted.

5.2. With spring assistance

The next step is to evaluate whether assistance from a parallel spring can e�ectively

increase the frequency range that can be reached by the actuator. To do so, we con-

ducted a series of experiments, imposing various constant frequencies at three distinct

sti�ness settings (kP = 10.1,10.8 and 14.9 Nm/rad). The ILC controller described in

section 4.3 was used to impose the prescribed motion to the output. The results are

shown in Fig. 14. Frequencies at which the output motion complied with the require-

ment W/T > 0.3, as de�ned in section 2.2, are marked in green, while unsuccessful

trials are marked in red. The trend of increasing sti�ness for increasing frequencies, as

predicted in the simulations, is clearly visible in this measurement (dashed line). One

may, however, notice that the experimentally observed resonance frequency is higher

than the one obtained from the simulations in section 3.1.1, presented in Fig. 4. Possible

reasons for this deviation from the simulations are (i) the nonlinear kinematics of the

cam-follower mechanism, which were linearized in the simulations, (ii) due to actuator

saturation, the ILC-controlled drivetrain may yield a di�erent output trajectory which,

nevertheless, still complies with the requirements, (iii) friction parameters of the setup

may have been altered by the introduction of the variable sti�ness mechanism, (iv)
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Figure 14. Measurement with parallel spring. Markers denote measurements at discrete combinations of
frequencies and sti�ness values. Green markers indicate that the requirement W/T > 0.3 is met; red markers
indicate that it is not. The measurements at zero sti�ness are taken from the swept sine experiment from
section 5.1. There is a clear trend towards increasing sti�ness for increasing frequency (dashed line).

the cam-follower mechanism exhibits unmodeled compliance. The additional inertia of

the spring was ruled out as a potential reason for deviations, as it is four orders of

magnitude smaller than the inertia of the load mass.

Most importantly, Fig. 14 shows that motion at frequencies between 5 and 7 Hz,

as well as slow motion at 1/3 Hz, are possible. Hence, the requirements set out in

section 2.2 are met. We can therefore conclude that the implementation of the proposed

variable sti�ness spring on the test setup has been successful.

6. Conclusion

In this paper, we studied the potential of variable-sti�ness spring assistance for oscil-

lating drivetrains. An industrial low-power reciprocating machine was used as a test

case to evaluate the bene�ts of series springs, parallel springs and trajectory modula-

tion in terms of motor size and energy consumption. We presented a practical design

for a variable-sti�ness parallel spring, which was implemented in a test rig representa-

tive of the industrial machine and its load conditions. In experiments and simulations,

we showed that this variable-sti�ness parallel spring, combined with a well-designed

locking mechanism, extends the frequency range that can be achieved with a speci�c

drivetrain. In other words, variable sti�ness springs enable smaller motors to be used,
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which is bene�cial in terms of investment cost. Moreover, by avoiding high power peaks,

power losses can be brought down, which is bene�cial in terms of operational costs. In

conclusion, variable sti�ness springs present a huge potential for a reduction in total

cost of ownership (TCO).
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