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Abstract The present paper examines matrix root properties and embedding
conditions for discrete-time Markov chains with three states and a transition
matrix having complex eigenvalues. Necessary as well as sufficient conditions
for the existence of an m-th stochastic root of the transition matrix, are inves-
tigated. Matrix roots are expressed in analytical form based on the spectral
decomposition of the transition matrix and properties of these matrix roots
are proved.
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1 Introduction

The embedding problem for Markov chains is initially introduced in [1]. A
discrete-time Markov chain with transition matrix P is embeddable in the
Markov chain with transition matrix A in case there exists an integer m €
N\ {0, 1} such that A™ = P. Since transition matrices are stochastic matrices,
the embedding problem for discrete-time Markov chains can be reformulated
in terms of m-th stochastic roots [2,6]. An m-th stochastic root A of P is
an m-th matrix root that is nonnegative and has all its row sums equal to
1. Within the set of discrete-time Markov chains, the embedding problem
and necessary conditions for the existence of stochastic roots of the transition
matrix are examined by Singer and Spilerman [12], and also in [3,6]. More
recently, nonnegative roots of matrices are studied in [9,13].
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For a Markov model, the transition matrix P can be estimated in case
data on stocks and flows are available for time intervals with length equal to
the time unit of the Markov model. In practice however, it could happen that
data is only available on yearly base while one is interested to know semiannual
transition probabilities. In these situations there is a lack of data to estimate
the semiannual transition probabilities. Nevertheless, for an embeddable ma-
trix P, a square root stochastic matrix could give insight in the semiannual
transition probabilities.

For (2 x 2) matrices the embedding problem is examined in detail: Neces-
sary and sufficient conditions for the existence of stochastic roots are formu-
lated. Furthermore, for embeddable Markov chains, the stochastic roots of the
transition matrices are described in analytical form [2,5,7].

For (3 x 3) stochastic matrices He and Gunn (2003) describe all possible
real valued m-th root matrices that are functions of the original matrix, in
the case of real as well as complex eigenvalues [5]. The expressed m-th root
matrices have all row sums equal to 1 but are not necessarily nonnegative and
therefore do not result automatically in m-th stochastic roots. Higham and
Lin (2011) examine necessary conditions for the existence of stochastic matrix
roots based on the set of all possible eigenvalues for a (3 x 3) nonnegative
matrix [6].

The case of (3 x 3) stochastic matrices with real eigenvalues is investi-
gated in detail and sufficient embedding conditions are presented in [4]. The
present paper aims closing the gap for the (3 x 3) case, and studies therefore
m-th stochastic roots of (3 x 3) stochastic matrices with complex eigenvalues.
Necessary embedding conditions are proved in section 2. Section 3 presents
row-normalized roots based on the spectrum decomposition and the projec-
tions of the original stochastic matrix. Sufficient embedding conditions are
formulated in section 4. An example is presented to illustrate how the theo-
retical findings can be used in a beneficial way. Finally, section 5 formulates
some suggestions for further research.

2 Necessary embedding conditions

In case P is embeddable there does exist a stochastic matrix A such that, for
some m € N\ {0,1}, A is an m-th root of P, i.e. A™ = P. Higham and Lin
(2011) present necessary conditions for the existence of m-th stochastic roots
based on the inverse eigenvalue problem [6]. In what follows those findings
are recapitulated with a focus on (3 x 3) stochastic matrices and are further
specified for the particular case of complex eigenvalues.

Let P be a (3 x 3) stochastic matrix with eigenvalues Aj, A2 and A3 that
are not all real numbers. According to the Perron-Frobenius Theorem, each
stochastic matrix has an eigenvalue A\; = 1. Since the characteristic equation
has real coefficients, the complex eigenvalues Ao, A3 are complex conjugates,
i.e. A3 = Xo. In this way the spectrum of P can be described as the set
op = {1,A, A} with XA € C\R eigenvalue of P.
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The eigenvalues 1, us, u3 of a stochastic matrix A, with A™ = P, satisfy
it = X and p?* = . Since p* = X with A € C\R, the eigenvalue j5 is neither
a real number. The spectrum of an m-th stochastic root A of P is therefore
equal to oa = {1, u, i} with g € C\R and p™ = A.

A stochastic root A is a nonnegative matrix root. The inverse eigen-
value problem is helpful in formulating necessary conditions on the spectrum
{1, /\,X} of P such that {1,u, @}, with ™ = )\, is the set of eigenvalues of
a nonnegative matrix B. From Loewy and London (1978) it is known that
{1, 4,7z} is the spectrum of a nonnegative matrix if and only if the three
eigenvalues 1, and 7 belong to the closed triangle @3 with vertices (1,0),
e’ and e 5" 8]

A nonnegative matrix B is not necessarily a stochastic matrix. Neverthe-
less, in case there exists a nonnegative matrix B with spectrum {1, p, 7},
there also exists a stochastic matrix A with the same spectrum. Indeed, ac-
cording to Rojo and Soto (2003), for a positive eigenvector X = (1, z2, x3)
corresponding with the maximal eigenvalue 1 of B, the diagonal matrix D =
diag (z1, 79, x3) gives rise to a nonnegative matrix A = D™!BD with all its
row sums equal to 1 [11]. In this way A = D™ !BD is a stochastic matrix
with the same spectrum {1, s, i} as the nonnegative matrix B. This remark
let us conclude that formulating necessary conditions for the existence of a
stochastic matrix or for the existence of a nonnegative matrix are equivalent
problems.

The closed triangle @3 is the convex hull Conv{(l, 0), o5 , e*%ﬂ} and can
be described in an alternative way as the following set of points:
93:{(x,y)GRQ}xZ—O.B;x—lgﬁygl—x} (1)

The description (1) results in a practical way to verify the necessary condi-
tion for the existence of an m-th stochastic root of P as formulated in Theorem
1. For A = r(cosf + isin ), we introduce the notation %/A(k):

0+ 27Tk:)

0+27k

VAE) = Rfre m = x/r (cos

0427k . .
—— +1s1n

Theorem 1 If for the stochastic matriz P with spectrum op = {17 )\,X} an
m-th stochastic root does exist, then at least one m-th root of \ belongs to Os.
This results in the following necessary embedding condition:

Im e N\ {0,1} and 3k € {0,1,....,m —1} : VA(k) € O3

Proof In case the eigenvalue A of P has a modulus r and an argument 6, the
spectrum of P equals op = {1,r(cos@ +isinf),r(cosd —isinf)}.

An m-th stochastic root A of P has then the spectrum {1, u, i}, with u™ =
A. According to [8] the set {1, p, i} is the spectrum of a nonnegative matrix
under the condition that {1, u, 71} C @3. Because of the X-axis symmetry of
O3, this condition is equivalent with p € Os5.
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Since the eigenvalue p of the m-th matrix root A of P satisfies p™ = A,
the eigenvalue p of A is an m-th root of A. In the set C of complex numbers,
A has exactly m m-th roots, being %/A(k) for k = 0,1,...,m — 1. That proves
the theorem.

The findings of Theorem 1 let formulate directly the insight that no effort
has to be made to find an m-th stochastic root of the matrix P in case for all
k€ {0,1,....,m — 1} holds that ¥/ A(k) ¢ Os.

Furthermore, it is interesting to remark that not all stochastic matrices
with spectrum {1, u, i}, satisfying u™ = A, result in an m-th root matrix of
P. Besides the conditions formulated on the eigenvalues, also the eigenvectors
of a root matrix of P satisfy some properties. An m-th root A of P has the
same eigenvectors as the matrix P itself. Lemma 1 summarizes these insights.

Lemma 1 For an m-th root A of P holds:
E is eigenvector of P corresponding with eigenvalue p
<= E is eigenvector of A corresponding with eigenvalue T satisfying 7" = p

Remark that, since A € C\R, the matrix P with spectrum {1, )\7X} has 3
eigenspaces all of dimension 1.

3 Row-normalized matrix roots

In what follows, for the stochastic matrix P with op = {17 A, X} row-normalized
m-th roots are described analytically based on its spectral decomposition.
Row-normalized roots have all row sums equal to 1 and are therefore candi-
dates to result in stochastic roots.

Since A is assumed to be no real number, the stochastic matrix P has 3
distinct eigenvalues and is therefore diagonalizable:

100
P=QDpQ ! with Dp = diag(1,\,\) = [ 0A 0
00X

The transformation matrix Q and its inverse Q! satisfy:
Q= (R1 R RX) with R1, R, Ry column vectors that are right eigenvectors
of P with respectively eigenvalue 1, \, en \; and
L,
Q! = | Ly | with Li,Ly, Ly row vectors that are left eigenvectors of P
Ly
with respectively eigenvalue 1, ), en \.

An m-th root A of P has spectrum oa = {1,u,z} with g™ = X\ and
has the same eigenvectors as P (according to Lemma 1). Therefore, P =
Q x diag(1,\,\) x Q™! implies A = Q x diag(1, 1, 77) x Q~*. Consequently,
all m-th root matrices of P are of the form Q x diag(1, u, 1) x Q™! with u™ = X
[10]. This insight is summarized in Lemma 2.
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Lemma 2 For a stochastic matrit P = Q x diag(1,\,\) x Q™! and m €
N\ {0,1} holds that all m-th stochastic roots of P belong to the set

Sm(P) = {Q x diag(1, pu, ) x Q™" | = A}

This result points out that it is worth to examine the properties of the
matrices of the form Q x diag(1, u, ) x Q™! in detail since no other possibility
exists to become an m-th stochastic root of P.

The matrix P = QD pQ™! can be expressed by its spectral decomposition.
Since P is diagonalizable its spectral decomposition is of the form P = Py +
APy + AP3. The k-th projection is defined as P, = QI;.Q~! with I the
(3%x3) matrix with the kk-th element equal to 1 and all the other elements equal
to 0. In general, the projections satisfy by definition the following properties:

PiPi = P,L' fori = 172,3 and PlPJ =0 fori 7&] (2)

In the case of a matrix P with spectrum op = {1,)\,X} Lemma 3 holds
additionally.

Lemma 3 For a matriz P with spectrum op = {1, )\,X}, the projections Py
and P3 are related and satisfy:

P; =P,

In searching for an m-th root of P, it is interesting to mention that the
complex eigenvalues A = r(cos + isinf) and A = r(cos(—0) + i sin(—6)) have
both m m-th roots in C, namely

2 2
%(kg) = r (cos 0+ 2k, +m7rk;2 +isin 0+ 2mk, +mﬁk2>

m /= - 2 — 2
\/X(k’g) = r (cos —6+2mks +isin —0+2mks 7Tkg)
m m

with ko, k3 € {0, 1,....m— 1}

An m-th stochastic root of P has eigenvalues u and @ that are complex
conjugates. The m-th roots ¥/ A(ks) and T/i(ks) are complex conjugates for
ks = m — ky since in that situation the argument of V(ks) equals

—0+27Tk3 9+27T]€2
- =97 - - =
m m

For P =P, + APy + A\P3, ko = k € {0,1,....,m — 1} and k3 = m — k, the
matrix A(m, k) is introduced:

A(m, k) =Py + VAKE) Pa+ VA(m— k) Py
Eq.(2) results in:

(A, k)™ = Py+( %(k))m P+ V/A(m - k))m Py = P, 4\Py4\P; = P
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In this way, for k£ € {0,1,...,m — 1}, the matrices A(m, k) are m-th roots
of P. Moreover, in accordance to Lemma 2, an m-th root of P is necessarily
one of the matrices A(m, k) = Q x diag(1, u, i) x Q! with = ¥/\(k) and
n= YX(m—k).

For a diagonalizable stochastic matrix P = P + AP, +APj3 all row sums of
the projections Py and P3 are equal to zero ([4], lemma 1) and P is a stochas-
tic matrix. Consequently, all row sums of A(m, k) = P+ ¥ A(k)Py+ VA(m—
k)P3 are equal to one. All matrices A(m, k) are therefore row-normalized m-th
roots of P. Theorem 2 summarizes these findings.

Theorem 2 For the stochastic matriz P = P1 + APy + AP35 holds:
A is a row-normalized m-th root of P < A = A(m,k) for some k €
{0,1,..,m—1}

Remark that a matrix A(m, k) is not necessarily an m-th stochastic root
of P since A(m, k) can have negative elements.

4 Sufficient embedding conditions

Since all m-th roots of the stochastic matrix P are of the form A(m,k), a
sufficient embedding condition concerns a condition under which at least one
of the matrices A(m,k) is a stochastic matrix. According to Theorem 2, all
A (m, k) are row-normalized and therefore a nonnegative matrix A (m, k) is au-
tomatically a stochastic matrix. Besides, in studying embedding conditions, it
is useful to point out that in case a stochastic matrix P has an m-th stochastic
root A for some even number m, it has automatically also a stochastic square
root, namely A% . Theorem 3 formulates these insights.

Theorem 3 The stochastic matriz P is embeddable if and only if

— there exist m € N\ {0,1} and k € {0,1,...,m — 1} with A(m, k) nonnega-
tive or
— P has a stochastic square root or an m-th stochastic root for some odd m.

In the case a stochastic matrix P has no stochastic square root, one can
conclude according to Theorem 3 that P has neither an m-th stochastic root
for whatever even number m. In what follows further properties of the matrices
A(m, k) are investigated.

Theorem 4 For the stochastic matrizv P = Py + APy + AP3, m € N\ {0,1}
and k € {0,1,...,m — 1}, the matriz

A(m, k) = P+ VA(K) Po+ ¥ X(m — k) Py
is a real valued matriz with for h,l € {1,2,3} the (h,l)-th element equal to

Sy 0

r and 6 are respectively the modulus and the argument of \; rp; and Oy are
respectively the modulus and the argument of (P2),,.

(A(m, k))hl = (Pl)hl + 2rp; n\‘L/;COS (Ghl +
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Proof For h,l € {1,2,3} and (P3),; = rni(cos O, + isinby;) holds:
(A(m, k))hl = (Pl)hz + 2R W(k)(Pﬂhl]
= (P1)y, +2rm ¥/r {cos (On) cos <9 + 27Tk> — sin (0y;) sin (9 + QWk)]
m m
0+ 27T/<;>

= (P1),, + 2rp ¥/r cos (Hm +
since ¥/A(k) and ¥/X(m — k) are complex conjugates and (P3),, = (P2)y,
according to Lemma 3. That proves the theorem.

Since P = P + APy + AP5 and since the projections sum up to the identity
matrix I, the following equations hold:

Hereby is R(P2) the matrix with elements R((P2)n;). The real and imaginary
part of the elements of the projection Py can then be expressed as follows:

R(P2) = S (I~ P1) and S(Ps) = =5 [PL—P+ RNI-PY)]  (5)

In this way the projection P5 is written in terms of P, P; and A\. The modulus
rp; can then be expressed as:

o = 1\/7"2(6hl - Oél>2 + (al — Phl)2 + 2%()\)(04[ — Phl)<5hl — Oél)

6
: GOV ©
: _ S((P2)n)
and the argument 60; satisfies tan 6y, = ML

An alternative for Eq. (3) to express the matrix A(m, k) is then:

A(m,k) =Py +2 7 [cos (9 tj”k) R(P») — sin (9 + 2”’“) %(PQ)] (7)

m

with R(P2) and $(P2) as in Eq. (5).

For a root W(k) satisfying the necessary conditions formulated in The-
orem 1 holds ¢ > —05;2 —1 < 3y < 1 — 2z with z = R( ’{lf)\(k)) =
x/rcos 28 and y = S(V/A(k)) = */rsin ZE2E Theorem 5 formulates
further linear conditions on %/A(k) to guarantee that A(m, k) is a stochastic
matrix root of P.

It is useful to remark that the rows of the first projection P; are identical
stochastic vectors. Denoting this row vector as (aq,ae,as3) results in 0 <
(Pl)hl =q < 1.

Theorem 5 For the stochastic matriz P, the m-th root A(m, k) is a stochastic
matriz if and only if Y/ \(k) satisfies

Ny

r—1<epy Vh#1 and clly§x+1
—

; _ _(P1—=P) R(A)
with Cpl = m W Vh,l
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Proof The matrix A(m, k) is row-normalized and therefore it is a stochastic
matrix root of P if and only if it is nonnegative.

On the one hand for all h # [ holds that (P1)p + 2R((P2)n) = 0 according
to Eq. (4). Consequently, (A(m,k)),; > 0 is equivalent with (A(m,k)),, >
(P1)nt + 2R((P2)n1). Furthermore, Eq. (7) results in (A(m, k)),, = (P1)m +
2R(VA(k)).R(P2)n—23( VA(k)).S(P2)n and according to Eq. (5) holds that
R(P2)p = —%(Pl)hl < 0. Therefore the following equivalence holds:

. S((P2)u)
(A k) 20 = R ﬁ(k))—ls%(@;hﬁ)
)

On the other hand for all [ = 1,2,3is (A(m, k)),; = (P1)u+2R( VA(k)).R(P2)y—
23( V(K)).S3(P2)y and R(Po)y = %( (Pl)”) > 0 (according to Eq. (5)),
resulting in:

S(VAK) Vh#1

S((P2)u) nf m " (P1)u -
(A(m, k), >0 < w\s( VA(k)) < R( ﬁ(k))+m vi=1,23
with % = o‘fll.

Consequently, the sufficient condition to have (A(m, k)),, nonnegative is that
the root "\Lf)\(k) satisfies v—1<cpy Vh#1 and cyy <z+ lflal VIl with

ch = % Vh,l. These conditions in combination with the expressions

for R((P2)p;) and I((P2)n) as in Eq. (5) prove the theorem.

Theorem 6 formulates a sufficient embedding condition relating the mod-
ulus r of A, the moduli rp; of the elements of P, and the elements «; of the
first projection P;. The formulated condition is easy to implement in practice:
The values of 75, can be computed by Eq. (6) and the vector (o, a2, a3) can
be determined as the unique stochastic fixpoint of P.

Lemma 4 In case %/r < mith{ a 170”} then A(m,k) is a stochastic

2rp1 0 2rp

matriz for all k € {0,1,...,m — 1}.

Proof Since the matrix A(m, k) is row-normalized, Eq. (3) results in:

A(m, k) is a stochastic matrix <= %/ cos (0 + £E22E) € {2;‘;, T } Vh,I.
Therefore A(m, k) is a stochastic matrix in case %/r < miny, {%l” 127«?7

Theorem 6 The stochastic matric P = P1 + APy + AP5 is embeddable in

case
Oél 170[[
V/r < min

27"hl 2rn1

Proof According to Theorem 3, P is embeddable if and only if the matrix
A(m, k) is stochastic for at least one pair (m, k) with m € N\ {0,1} and k €
{0,1,. — 1}. Therefore lemma 4 let conclude that P is embeddable in case

there exists a value for m satisfying 3/r < miny,; { a_l-a } This condition

QT’hl ’ 27"hl
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is less restrictive for m = 2 since %/r is increasing with m. Thus in case
t/r < miny, { a loo } for some m > 2 then also /7 < miny, { ar loa }

2rp1 7 27Tp 2rp1’ 2rp

Furthermore, the condition /r < min { o 1o } guarantees that A(2, k)

2rn1? 2rp
is a stochastic square root of P.

m ] 1— m(m+1)
Corollary 1 In case §/r < miny, { & Q. } then P has at least =5 —1

2rpy? 2rp
stochastic roots.

This corollary results directly from Lemma 4 and Theorem 6 since %/r

miny, ; {szl , 1270”} implies that A(m,k) is a stochastic matrix for all 2
’ hl Thi

m <m and for all k € {0,1,...,m — 1}.

<
<

In searching for further sufficient embedding conditions, let us introduce
for h,l € {1,2,3} and k € N, the function

FE(t) = oy + 2rprt cos (Op + (0 + 27k)t)
=q;+ ot [COS ((9 + 27Tk')t) %((Pg)hl) — sin ((9 + 271'k)t) S((P2)hl)]

This function satisfies according to Eq. (3):

1
p =) = (A(m,k
() = A, ®
Furthermore holds:
Fi(0) = g + 2rp cos Oy = (P1),,, + (Pa)y + (Pa),, =Lu =0 (9)

Q) = ap + 2rpr cos (O + 0 + 27k) = (P1),; + A (P2),;, + A (P2),, = P

(10)
In this way, the value of the function ff; is nonnegative in t = 0 as well as in
t=1.

In what follows further insights are gained on the m-th roots A(m, k) of
the stochastic matrix P by examining properties of fF¥(¢) for ¢t € [0,1]. A
pertinent question is under what condition at least one of the roots A(m,k)
results in a stochastic matrix. Lemma 5 describes the critical values of the
function fF,(t). The notation arctan refers to the arctangent function.

Lemma 5 The critical values of ff,(t) = cy+2rprt cos (On + (0 + 27k)t) are
elements of the set

1 Inr
Shi = {W {arctan <9+27rk> — O +7TQ] g€ Z}

Proof The derivative of fF(t) equals:

L fR () = 2rprt [Inrcos (O + (0 + 2mk)t) — (6 + 2k) sin (0, + (0 4 2mk)t)].
In solving the equation %f,’fl(t) = 0 we can take into account that 6+ 27k # 0
since 6 is the argument of the eigenvalue A € C\R. Furthermore a value for
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t satisfying cos (0p; + (6 + 27k)t) = 0 cannot be a solution of the equation
4 £k () = 0 since this would imply that also sin (6, + (6 + 27k)t) = 0, which
is impossible. Therefore:

dony ~ Inr

with solutions tF,(q) = “_ﬁ [arctan (efﬁ) — O + ﬂ'q} (g€ ).

The m m-th roots %/A(k) of A correspond with k € {0,1,...,m — 1}. The
fact that k < m — 1 implies ;- < 5. Since (A(m,k)),, = f# () and
% €10, k%rl], in examining for a particular value for k conditions that guarantee
that the m-th root A(m,k) is a stochastic matrix, only the critical values

tﬁl(q) that belong to ]0, %ﬂ] are of importance. The following lemma gives
information on the number of critical values t§,(g) € SpN]0, %_H]

Lemma 6 For k fiz, the number of critical values t§,(q) € SnN]0, k%rl] of 1,
is at most equal to 2. In particular for k = 0, the number of critical values is
at most equal to 1.

Proof For two subsequent critical values t¥,(q) and t§,(g + 1) holds that
|t§l(q +1)— t;‘;l(q)| = W-i-igﬂkl' Therefore expressing the length of the interval

10, k%H] proportionally to the length of the interval [t§,(q),t¥,(¢+1)] results in

] 0 + 27k
(k+1)m

__m
[0+27k|

The argument 6 of the eigenvalue A € C\R satisfies § €] — 7, 7[. Therefore
Or2nk  12h_1 2kHL[ with 2kl < 2 Consequently the number of critical

(krhr S1%F10 &L k+1
values t¥,(q) € Sp; that belong to 0, %ﬂ] is at most equal to 2.
In particular for k = 0 holds | FE35% | = | 2| < 1.

For the root matrices A (m, k) under study is k¥ < m—1 and thus m > k+1.
The following theorem presents a sufficient condition that guarantees that the
(h,1)-th element of A(m, k) is nonnegative for all m > k + 1. The condition is
formulated on the value of by (k):

e R((Po)) — (64 21k) - S(Po)n)
oK) = 2k R(Pow) I S(Pa)u) (11)

with R((P2)n;) and S((P2)n) as in Eq. (5).

Theorem 7 In case for h,l € {1,2,3} and k € N holds that by (k) ¢ Conv{0, %}
then (A(m, k))p > 0 for allm >k + 1.



Title Suppressed Due to Excessive Length 11

Proof Critical values t* of f(t) satisfy tan(6t*) = by (k) with by (k) defined as
in Eq.(11). Since tan(f) = %, the condition by (k) ¢ Conv{0, %} implies
that fF,(¢) has no critical value in [0,1]. As a result, fF(¢) is monotonously
evolving on [0, 1]. Moreover, according to Eq.(9) and Eq.(10), both fF,(0) and
fF,(1) are nonnegative. Consequently (A (m,k))n = ff,(L) >0 Vm >k + 1.

The following theorem formulates a sufficient embedding condition for P
by ensuring that the row-normalized root A(m,k) is a stochastic matrix.

Theorem 8 In case f}, (k%rl) € [0,1] as well as f, (t7,(q)) € [0,1], for all
tri(q) € Sun0, =251 and for all (h,1) € {1,2,3} x {1,2,3}, then A(m, k) is

an m-th stochastic root of P, for allm > k + 1.

Proof According to Eq.(9) holds that fF,(0) € [0, 1]. Therefore in case f}; (ﬁ) €

[0,1] as well as fF, (t§,(q)) € [0,1] for all t},(g) € SnNO, k%_l}, the infimum
and the supremum of f; on |0, k%rl] are elements of [0, 1]. Consequently fF,(¢)
is an element of [0, 1] for all ¢ €]0, %_H] Furthermore for the m-th root A(m, k)

holds (A(m, k)),,; = f(:L). In this way, under the stated conditions, the m-th
root A(m, k) is a stochastic matrix.

In what follows the study regarding the stochastic property of the row-
normalized matrix A(m, k) is approached in a geometrical way. Let us there-
fore denote the ith row of the matrix A(m, k) by a;(m, k) for i = 1,2, 3. Then

by definition:
1 1 1
im k)= FF [ = o k[ —
a(mv ) (21 (m) 12 <m> i3 (m>>

and

A(m,k)is a stochastic matrix <=  a;(m,k) € Conv{ei,eq,e3}fori =1,2,

with Conv{es, ez, es} the convex hull of e; = (100), e2 = (010) and ez =
001).

Fori € {1,2,3} and k € N, the path with parametric equation (f5 (t) f% (t) f&
and t € [0,1] is denoted by PF. Then, for m € N with m > k + 1, the row
vectors a;(m, k) correspond with discrete points on the path P¥. Furthermore,
according to Eq.(9) and Eq.(10) the row vector e; and the ith row p; of P
satisfy

e = (fi(0) fi(0) f5(0) and pi=(fi(1) fa(1) f5(1)

Consequently, the path PF has starting point e; and ending point p;.

Since the boundary of Conv{ey, ez, es} is U,x;Conv{e,, es} and the points of
Conv{ey, es} have equal (zero) Ith component for [ ¢ {r, s}, lemma 6 guaran-
tees that the path PF intersects the segment Conv{e,,es} at most twice. In-
deed, a part of the path PF where the Ith component is evolving monotonously,

3

(*))
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intersects Conv{e,, es} at most once. Those intersection points are important
in determining stochastic row vectors a;(m, k) that are laying on parts of
the path P¥ within Conv{ey, ez, e3}. This path-approach is useful in exam-
ining geometrically the stochasticity of a root A(m,k): in case for all the 3
paths PF, P¥ and P! the point with ¢ = % is on a part of the paths within

Conv{eq, ez, e3}, the matrix A(m, k) is a stochastic root of P.

Example

The following discussion and example illustrate how the theoretical find-
ings can be useful in the context of stochastic matrix roots and for the em-
bedding problem. The roots A(m,k) are examined for the stochastic matrix

0.310.49 0.2
P = [ 0.290.61 0.1 | that has eigenvalues \; = 1,\o = 0.065 + Y0-9279;
0.2 0.59 0.21

with modulus » = 0.10583 and argument 8 = ::chtanivg'_%79 = 0.9095, and A3
the complex conjugate of \s.

0.2827 0.5732 0.1441
The first projection Py equals P; = | 0.2827 0.5732 0.1441
0.2827 0.5732 0.1441

For the projection Py the moduli r;; and the arguments 6,; of the elements
(P3),,, are as follows

0.3768 0.3972 0.3972
() = [ 0.20890.2202 0.2202 | and
0.4101 0.4323 0.4323

0.3118 2.3768 —1.7532
(6n1) = | —2.3140 —0.2480 1.9042
1.9226 —2.2955 —0.1424

The projection Pj3 satisfies P3 = P5, according to Lemma 3.

For some particular values of m and k, and for ©3 as specified in (1), the
necessary condition %/\(k) € O3 (as formulated in Theorem 1) let conclude
that A (m, k) cannot be a nonnegative matrix and therefore cannot be an m-th
stochastic root of P. For example for m = 6 and £ = 1, the corresponding
m-th root of A results in VA(1) = ¢/rcos™2% +i¢/rsin®2T that does not
satisfy the condition z — 1 < /3y < 1 — z. Since \%\(l) ¢ O3, A(6,1) is a
row-normalized 6-th root of P that has some negative elements and therefore
does not result in a stochastic root of P.

The sufficient embedding condition formulated in Theorem 6 is not satis-

fied since 0.3253 ~ /r > miny, { o loa } ~ 0.1667 and gives therefore, for

2rp1 0 2rp

the example under study, no information on whether or not the matrix P is
embeddable.
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Fig. 1 Graphical presentation of @3 (in light grey) and of the region where V/A(k) satisfies
the sufficient condition (according to Theorem 5) to have for P the stochastic root A(m, k)
(in dark grey)

Theorem 5 formulates a sufficient condition on %/A(k) to have the matrix
root A(m,k) nonnegative. This condition is expressed in terms of ¢ =
% + % Vh,l. For the example under consideration these cy; are

as follows:

0.3226 —0.9597 5.4232
(cm) = | 1.0875 —0.2541 —2.8861
—2.7245 1.1292 —0.1436

The region determined by the sufficient condition (according to Theorem 5) is
graphically presented in Figure 1. For each ¥/A(k) belonging to this region, the
matrix A(m, k) is a stochastic root of P. The square root v/A(0), for example,
has z = 0.2923 and y = 0.1429 that satisfy the formulated sufficient condition.
Consequently, we can conclude that A(2,0) is a stochastic root of P.

In examining whether the row-normalized roots A(m,k) of P result in
stochastic roots, and for what values of m this would be the case, the behav-
ior of the function fF, and the sufficient conditions formulated in Theorem
8 and Theorem 7 can provide useful insights. For example in analyzing the
root matrices A(m,k) for k = 0, the values of by;(0) as in Eq. (11) and the
condition formulated in Theorem 7, let us conclude that (A(m,0)) > 0 for
all m > 2 and (h,1) ¢ {(1,3),(2,3),(3,1)}. The reason for this is that for
(h,0) & {(1,3),(2,3),(3,1)} the function ff, has no critical value in [0,1] and
is therefore monotone in [0, 1]. Moreover, according to Eq.(9) and Eq.(10), both
I2(0) and fP,(1) are elements of [0,1]. Consequently, for all m € {2,3,4,...}
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the m-th root A(m,0) of P has for all (h,l) ¢ {(1,3),(2,3),(3,1)} elements
that belong to [0, 1].

For (h,1) € {(1,3),(2,3),(3,1)} the properties of ff, and (A(m,0)),, are
examined separately in what follows. Regarding the critical values t9,(¢) =
# [arctan (“‘TT) — 0 +7mq] (g € Z) of the functions fJ(t), there can be re-
marked that the only critical values that belong to [0, 1] are t95(0), t35(1) and
19, (1).

For (h,1) = (1,3), the critical value ¢J5(0) = 0.6237 > 1 and therefore f{s
is monotonous in [0, 3]. Furthermore f{5(0) = 0 and f{5(3) = 0.0425 so
that for all ¢ = L the value of f{5(¢) is in between 0 and 1. Consequently,
(A(m,0)),5 € [0,1] for all m > 2.

For (h,l) = (2,3), the critical value t35(1) = 0.0565 with f95(t35(1)) =
—0.0015. The function f9 is monotonous in [t35(1), 1]. Furthermore f95(1) =
Pos, f95(%) > 0 and f9(5) < 0. Since f95(1) and f9(%) are both elements of
[0,1], also (A(m,0))y5 € [0, 1] for all m-th roots A(m,0) of P with 2 < m <8.
A similar reasoning for (h,1) = (3, 1) results in the insight that (A(m,0)),, €
[0,1] for all m-th roots A(m,0) of P with 2 <m < 9.

In accordance with Theorem 8 these insights regarding the functions f;?l let
conclude that all A(m,0) with m = 2,...,8 are stochastic roots of P. For
m =2, ...,8 the m-th stochastic roots A(m,0) of P are as follows:

0.4593 0.3271 0.2136 0.5739 0.2367 0.1894
A(2,0) = [ 0.2440 0.7134 0.0426 A(3,0) = [ 0.1985 0.7812 0.0203
0.0900 0.4982 0.4118 0.0463 0.4059 0.5478
0.6516 0.1839 0.1645 0.7062 0.1499 0.1439
A(4,0) = [ 0.1652 0.8243 0.0105 A(5,0) = [ 0.1408 0.8536 0.0056
0.0266 0.3379 0.6355 0.0164 0.2882 0.6954
0.7463 0.1264 0.1273 0.7770 0.1091 0.1139
A(6,0) = [ 0.1225 0.8746 0.0029 A(7,0) = [ 0.1082 0.8905 0.0013
0.0105 0.2507 0.7388 0.0069 0.2217 0.7714

0.8011 0.0960 0.1029
A(8,0) = [ 0.0969 0.9028 0.0003
0.0046 0.1986 0.7968

The path-approach provides additionally a graphical presentation of the
evolution of the row vectors a;(m,0): The i-th row of A(m,0) corresponds
with the point on the path P? with parametric equation (f9 (t) f% (t) f% ()
for t = % € [0,1]. For the example under study, the paths PY, P9 and P
are graphically presented in Figure 2. In accordance to the above computed
results, the path P{ lie within the triangle Conv{e;,es,es} for the whole
range of t-values in [0, 1], while for the path P the points corresponding with

t < % (i.e. m > 9) are lying outside Conv{ey, ez, e3}.
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Fig. 2 Graphical presentation of the paths ’P?, 738 and ’Pg

5 Further research questions

For Markov chains with two states and that satisfy the necessary and sufficient
embedding conditions, stochastic roots of the (2 x 2) transition matrices are
known in analytical form from previous work [2,5,7]. For (3 x 3) transition ma-
trices with real eigenvalues the embedding problem is discussed in [4-6]. The
present paper examines matrix roots and the embedding problem for Markov
chains with three states in the case the transition matrix P has complex eigen-
values. Necessary embedding conditions are formulated, row-normalized roots
A(m, k) are constructed and sufficient conditions for the existence of an m-th
stochastic root are presented. In this way, the (2 x 2) and (3 x 3) case are
examined in depth.

For an (nxn) transition matrix that is a block diagonal matrix P = diag(P, ..., Px),
the matrix A = diag(Ay, ..., Ax) is an m-th root of P if and only if for
all ¢ € {1,...,k} holds that A; is an m-th root of P;. Therefore, for P =
diag(Pi, ..., Pr) with all blocks P; of order (2 x 2) or (3 x 3), the known in-
sights for the (2 x 2) and (3 x 3) case are useful in examining matrix roots and
the embedding problem. For future research it would be interesting to find out
whether the dissemination of the presented approaches could result in insights
for matrix roots and for the embedding problem in the case of general (n x n)
stochastic matrices.
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